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We study the effects of imperfect nesting in the density wave (DW) state on various electronic
properties within a simple 2D tight-binding model. The discussed model reflects the main features
of quasi-1D metals where the DW emerges. We show that a DW with imperfect nesting leads to
unusual singularities in the quasiparticle density of states and to a power-law renormalization of
the superconducting critical temperature. Our results are derived at arbitrary large antinesting and
may help to understand the phase diagram of the wide class of density-wave superconductors. We
also compute the conductivity tensor in a wide temperature range, including the DW transition,
and obtain a satisfactory agreement with the experimental data on rare-earth trichalcogenides and
many other DW materials.
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I. INTRODUCTION

The interplay between superconductivity (SC) and
charge or spin density wave (DW) attracts a vast re-
search activity. The SC-DW competition and coex-
istence appears in various strongly-correlated electron
systems, including the high-temperature cuprate [1–9]
and iron-based [10–15] superconductors, NbSe2 [16–18]
and other transition-metal and rare-earth di and poly-
chalcogenides [19–22], various organic superconductors
[23–31], and many other materials (see, e.g., Refs. [32–
35] for reviews).

The DW in metals creates a spatial modulation of the
charge or spin density of conducting electrons with the
wave vector Q and opens a gap ∆ at the Fermi level in
the electronic spectrum, which reduces the electron en-
ergy [36]. Depending on the electron dispersion ϵ(k) in
this metal, two different DW states are possible. The
first, called the perfect nesting of the Fermi surface (FS),
occurs when ϵ(k) + ϵ(k + Q) < ∆ for all k on the FS.
Then the DW covers the entire FS and the metal becomes
a semiconductor in a DW state. In this case a uniform
SC on a DW background is hardly possible, but SC may
appear via a spatial segregation with DW, as happens in
various materials [29, 31, 37–39]. This SC heterogeneity
can be visualized by the scanning tunneling microscopy
(STM) and spectroscopy [37, 40–48], by the local dia-
magnetic probe [49, 50], or detected and analyzed us-
ing the resistivity anisotropy measurements [51–56]. The
spatial DW-SC phase segregation usually appears on a
large length scale, greater than the DW coherence length
ξDW = ℏvF /(π∆), as it happens in organic superconduc-
tors [29, 31, 55], or on the microscopic scale, i.e. in the
form of DW soliton walls [57–59].

The second scenario of DW-SC coexistence appears in
the case of imperfect FS nesting when ϵ(k)+ ϵ(k+Q) >

∆0 for some k at the FS. In this case the metallic
conductivity survives in a DW state till T → 0, be-
ing anisotropically reduced, e.g., as in various rare-earth
three-chalcogenides [60] and many other materials [32–
34, 36]. One could expect an exponential decrease of the
superconducting transition temperature Tc in the pres-
ence of the DW background even in the imperfect-nesting
case, because according to the BCS theory in the weak-
coupling regime

Tc ∼ ωD exp(−1/gνF ) (1)

exponentially depends on the electron density of states
(DoS) at the Fermi level νF multiplied by the coupling
constant g, with the Debye frequency ωD in the pre-
exponential factor. As the DW opens a gap, at least
in some parts of FS, the DoS νF is reduced by the DW,
leading to destructive SC-DW interference [61, 62]. How-
ever, usually, one observes a more complicated SC-DW
interplay: the superconducting transition temperature
Tc is the highest at the quantum critical point (QCP)
where the density wave (DW) gets suppressed by some
external parameter, such as doping level [1, 2, 4–7], pres-
sure [10–13, 23–29], cooling rate [30, 31], disorder [17],
etc. The Tc dome-like shape near the DW QCP results
from the enhancement of electron-electron (e-e) interac-
tion g → g∗(Q) in the Cooper channel by the critical
DW fluctuations, which can be described as the SC ver-
tex renormalization in the language of Feynman diagram
technique [63, 64]. Note that this vertex renormalization
changes its momentum dependence and may favor the
unconventional superconductivity [65–67].
Below we consider only the second scenario of the uni-

form DW in the case of imperfect nesting. What is
stronger, the SC coupling renormalization g → g∗(Q)
or the DoS reduction νF → νF∗ by the DW? The answer
to this question dramatically affects the SC transition
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temperature in the weak-coupling regime given by Eq.
(1).

According to the theoretical calculations [63–66] the
SC coupling enhancement g → g∗(Q) is not very strong,
especially far from the DW QCP, when the DW order
parameter ∆ is larger than the SC energy gap. On the
contrary, the gapped FS area in the DW state is, usually,
rather large, as visualized by ARPES measurememts in
various compounds [9, 68–77]. How the observed increase
of Tc in the presence of the DW, implying the increase of
the product gνF , is then possible?

The insight resolving this apparent inconsistency is
proposed in Ref. [78] where the electronic DoS in the DW
state with slightly imperfect nesting is calculated in the
mean-field approximation. The DoS is shown to become
unexpectedly large at the Fermi level, close to the DoS
without DW, even if the ungapped FS pockets are very
small. This happens due to a strong renormalization of
electron spectrum by the DW. Hence, Tc affected by the
DW background, combined with the coupling-constant
renormalization g → g∗(Q), can be even higher than the
SC transition temperature Tc0 without DW. The calcula-
tions in Ref. [78] are limited by the very small ungapped
FS pockets and are performed under some approxima-
tions about the electron dispersion.

In this paper we generalize analysis of the DoS in the
presence of the DW for the case of arbitrary imperfect
nesting, when the size of ungapped FS parts may be
large. Although the main goal of our calculations is to
estimate the change of SC transition temperature by the
DW background, our results are also useful for other elec-
tronic properties of DW compounds, even without super-
conductivity. For example, the DoS enters the electronic
part of specific heat and other thermodynamic and trans-
port electron properties, which can be measured.

II. MODEL

The DW state usually appears in strongly anisotropic
quasi-1D metals due to their good FS nesting [34, 36, 79].
In many other DW compounds there is a hidden quasi-
one-dimensionality, although their electronic transport
exhibits a 2D isotropy along the conducting layers. An
example of such a hidden quasi-1D electron spectrum
are the rare-earth tritellurides [60, 80] or tetratellurides
[81, 82], where the FS consists of two pairs of perpen-
dicular quasi-1D warped sheets originating from the Te
px and py orbitals, giving almost tetragonal symme-
try of electronic properties, broken by the CDW [60].
Of course, there are some DW materials with closed
quasi-2D rather than open quasi-1D FS, but even they
have some nearly flat FS parts, such as transition metal
dichalcogenides [83] or high-Tc cuprates [8, 9]. Below
we consider quasi-1D metals as a quite generic system
bearing the DW.

In layered quasi-2D metals due to crystal periodicity

the electron dispersion is given by the Fourier series

ε(k) = −2tx cos(akx)− 2ty cos(bky) (2)

−
∑
i,j≥2

2tij cos(akxi) cos(bkyj),

where a and b are the lattice constants in x and y direc-
tions, while tx, ty and tij are the hopping amplitudes.
The tunneling amplitude along the z axis is consider-
ably smaller than that along the conducting layers x, y
and is discarded, as it does not play any role in the
analysis below. However, we still assume a 3D layered
material where the DW fluctuations are weaker than in
true low-dimensional systems, so that the mean-field DW
description is valid, at least qualitatively. Usually, the
last term in Eq. (2) is much smaller than the first two
and is also omitted, corresponding to the tight-binding
model [84, 85].
In quasi-1D metals, where the x-axis represents an

easy-conducting chain direction and tx ≫ ty, it is often
convenient to linearize the kx electron dispersion near
the Fermi level. Then the free-electron dispersion with-
out magnetic field can be written as [34, 78, 86, 87]

ε(k) = vF(|kx| − kF )− 2ty cos(bky)− 2t′y cos(2bky),

(3)

where the first term represents the electron dispersion
along the x-direction linearized near the Fermi surface.
We drop all the other hopping amplitudes in y - direction,
as they are small by the parameter ty/tx ≪ 1.
Without the last antinesting t′y term in Eq. (3) the

perfect nesting condition

ε(k) + ε(k+Q) = 0 (4)

is satisfied at wave vector Q = (2kF, π/b) (see Fig. 1).
The electron spectra and FS near kF and −kF are nested
with the nesting vector Q. The outlined quasi-1D sys-
tem exhibits the DW formation as the result of a nesting-
driven Fermi surface instability. This leads to the open-
ing of a gap ∆ in the quasiparticle spectrum. However,
this simple picture undergoes a dramatic change once we
take into account the antinesting amplitude t′y.

Although in quasi-1D metals t′y ∼ t2y/tx ≪ ty, the re-
tained term t′y rather than ty competes with the energy
gap ∆ in the resulting ground state equations. The 2t′y
term in (3) is called “antinesting” because it violates the
nesting condition (4). In what follows, we discard the
possible influence of t′y on the nesting vector Q and dis-
cuss the legitimacy of this approach in section VI.

As seen from Fig. 1, the FS consists of two warped
unconnected curves separated by vector Q. This allows
us to split the quasiparticle Fock’s space into two discon-
nected parts corresponding to the neighborhood of each
Fermi sheet

ψ(r) =
∑

k∈U(kF )

a(k)eikr +
∑

k∈U(−kF )

a(k)eikr

≡
∑
k

a1(k)e
ikr +

∑
k

a2(k)e
−ikr,

(5)
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FIG. 1. The electron spectrum E(kx, ky) given by Eq. (3) is
shown by yellow surface. The FS (two Fermi wavy curves in
the kx − ky plane) is formed by the intersection of this spec-
trum with the horizontal blue plane of fixed electron energy
equal to the chemical potential or Fermi energy kFvF.

where a(k) are the annihilation operators, and a1,2(k)
are the same operators with momenta positioned in the
respective neighborhoods U(±kF ). As usual in Peierls’s
transition physics, we assume that the deformation of
the lattice has a static nature. The lattice deformation
potential mixes two different parts (see Eq. (5)) of the
operators’ Fock’s space and adds one more term in the
Hamiltonian. Accordingly, the electron Hamiltonian can
be written as follows

Ĥ = Ĥ0 + Ĥint (6)

with the free-electron part in momentum representation
being

Ĥ0 =
∑
k

a†1(k)a1(k)ε(k)+
∑
k

a†2(k)a2(k)ε(Q+k), (7)

and the interaction part given by

Ĥint = ∆
∑
k

(
a1(k)a

†
2(k) + a†1(k)a2(k)

)
, (8)

where ∆ is the DW order parameter, proportional to
the amplitude of lattice deformation for the charge-
density wave (CDW). In the physics of Peierls transition
∆ ≡ ∆(T ) becomes the temperature-dependent gap in
the quasiparticle spectrum.

Diagonalization of the Hamiltonian (6) leads to the
standard gapped spectrum

E(k) =
ϵ(k) + ϵ(k+Q)

2
±
√

(ϵ(k)− ϵ(k+Q))2

4
+ ∆2.

(9)
Substituting Eq. (3) to Eq. (9) we obtain the following
quasiparticle spectrum in the presence of the CDW

E±(kx, ky) = −2t′y cos 2kyb±
√
(kxvF − ty cos kyb)2 +∆2.

(10)

We illustrate it in Fig. (2). Note that even if all tij = 0 in
Eq. (2), in Eq. (10) t′y ∼ t2y/tx ̸= 0 and comes from the
nonlinearity of electron dispersion along the x-direction.

III. QUASIPARTICLE DOS IN A DW STATE AT
ARBITRARY IMPERFECT NESTING

A. General formulas

To understand the behavior of the transport proper-
ties of the system we need to compute the single particle
density of states (DoS)

ν(ε) =
∑
k,σ

δ(ε− Eσ(k)) ≡
∑
σ

ˆ
δ(ε− Eσ(k))

dkxdky
(2π)2

,

(11)
where δ(x) is the Dirac δ-function. Integration is per-
formed over the Brillouin zone. Due to the symmetry
of gapped spectrum (9) the integration region can be re-
duced to the quarter of the Brillouin zone. After the
integration over kx the expression (11) becomes

ν(ε) =
1

π2vF

π/2ˆ

0

|ε+∆1 cos 2kyb|√
(ε+∆1 cos 2kyb)2 −∆2

dky (12)

with the notation ∆1 ≡ 2t′y introduced for convenience.
Although the integral (12) can only be evaluated numer-
ically (see Fig. 3), one can obtain analytical results in
some regions where the DoS reveals intriguing (singular)
behavior. These cases are discussed in the next subsec-
tion.

B. The behavior of DoS near singularities

The DoS is an even function of energy as can be easily
checked from expression (12). This function has two sin-
gularities. The jump at point ∆1−∆ and the divergence
at point ∆1 + ∆, corresponding to the appearance and
the merger of the closed pockets on the surface of fixed
energy (see Fig. 2).
The character of the singularities in the DoS can be un-

derstood from the structure of the integrand in Eq. (12).
Namely, we see that the square root in the denomi-
nator of the integrand of (12) has branch points at
ε = ±∆±∆1 where electron pockets of constant energy
appear or merge, as in Fig. 2(b). The corresponding an-
alytical expression for the DoS near the threshold energy
∆ +∆1 reads:

ν(∆ +∆1 + δε) =
1

π2vFb

[
2 arcsin

√
∆1

∆+∆1

+

√
∆

4∆1

(
ln

32∆

∆1 +∆
− ln

δϵ

∆1

)]
.

(13)
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FIG. 2. (a) The quasiparticle spectrum (yellow and blue) in the presence of a CDW with ∆1 = 0.8∆. The horizontal green
plane corresponds to the constant energy cross section ε = ∆1 ≡ 2t′y. The closed pocketsare clearly seen as green puddles
above the yellow surface. (b) The same as in Fig. (a) but at ∆1 = 1.5∆ and the energy level ε = ∆+∆1, corresponding to the
critical value at which the DoS manifests logarithmic divergence.

FIG. 3. Comparison of the numerical DoS (blue curve) with
analytical results (orange curve). The singularities of the
function are clearly seen. At point A, ε = ∆1 − ∆ the DoS
function has a jump (Eq. (14a)) and at point B ε = ∆1 +∆,
the DoS has a logarithmic divergence (Eq. (13)). We used the
value ∆1 = 1.3∆ for the antinesting term. Here ν0 = [πvFb]

−1

is the DoS in the metallic state without DW.

As we see from Eq. (13), the DoS has a logarithmic sin-
gularity at the threshold energy ε = ∆+∆1, given by the
sum of the DW gap ∆ and of the antinesting parameter
∆1. This corrects and generalizes the qualitative analysis
presented in Ref. [78] (Fig. 3), where the log-singularity
was predicted at ε = ∆ instead of ∆ +∆1.

There exists another threshold ε = ∆1 −∆. We need
to address two possible situations: ∆ < ∆1 and ∆ > ∆1.

We obtain the following results (see Appendix A):

ν(∆1 −∆+ δε) =

1

πvF b

[[
1− f(δε)

]
+ f(δε)θ(−δε)

]
, ∆ < ∆1 (14a)

ν(∆−∆1 + δε) =
1

πvF b
f(−δε)θ(δε), ∆ > ∆1 (14b)

f(δε) =
1

2

√
∆

∆1
− δε

16

√
∆

∆1

3∆1 +∆

∆1
.

The resulting graph, juxtaposing the analytical formulas
(13)-(14b) in the vicinity of singularities and numerical
computation of (12) is presented in Fig. 3.

IV. SUPERCONDUCTING TRANSITION
TEMPERATURE IN THE PRESENCE OF DW

Now we analyze how the discussed above singular be-
havior of the DoS and the antinesting term affect the
superconducting transition temperature Tc in the pres-
ence of the DW background.
The equation for Tc is given by the BCS integral [84]

2

g
= 2

ˆ ωD

0

dξ

ξ
tanh

ξ

2Tc
ν(ξ), (15)

where g is the electron-phonon coupling constant in the
BCS theory and ωD is the cutoff at Debye frequency. The
Eq. (15) reproduces the corresponding integral derived
from the linearized Gor’kov equations for superconduc-
tivity in the presence of the DW background [67, 78]).
We perform the calculation at Debye frequency ωD <

∆1 + ∆, i.e. the integration domain doesn’t include
the log-singularity of the DoS. This can be the case in
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e.g., rare earth tritellurides [80, 88], where ωD ∼ 0.015
eV∼ 170K and the CDW energy gap ∆ ≈ 0.3eV. The
superconductive gap is assumed to vanish, since we posi-
tion ourselves just above the SC transition temperature.
In this case the integration (15) can be performed ana-
lytically with the help of expression (14a). We obtain the
following formula for Tc:

Tc =

(
∆1 −∆

ωD

) δν
ν0

T0, 0 < ∆1 −∆ < ωD < ∆+∆1;

T0 = ωDe
− 1

ν0g , ν0 =
1

πvF b
, δν =

1

πvF b

√
∆

∆1
. (16)

Here ν0 is the electron DoS without DW in quasi-1D
metals and δν is the DoS jump at ε = ∆1 −∆.
As expected, we reproduced the unmodified BCS

nonanalytic exponential DoS-dependence of Tc. How-
ever, we also obtained an interesting change in the pre-
exponential part. This is precisely where the antinesting
term in the initial Hamiltonian (3) comes on stage. The
comparison of the analytical result (16) with the numer-
ical calculation of integral (15) is presented in Fig. 4.
Formulae (16) and the plot in Fig. 4 are the main physical
results of this section.

The result (16) is interesting from the following per-
spective. As the substantial part of FS area is squeezed
under the DW gap, one would intuitively expect an addi-
tional exponential suppression [61, 62] of Tc by a DW, due
to the DoS ν entering the exponential decrement of Tc in
Eq. 16. Surprisingly, this does not happen. We see the
non-trivial renormalization of the pre-exponential factor
instead. This result is important for the explanation of
a rather high superconducting transition temperature Tc
in numerous DW superconductors (see, e.g., [32–34, 89]),
including high-Tc cuprates. If the suppression of Tc by
the DW was exponential, the enhancement of e-e inter-
action in the Cooper channel by the DW fluctuations
[63–66] would not compensate for it, and one would al-
ways observe a decrease of Tc in the presence of the DW,
contrary to the most experiments showing a Tc dome-like
shape [1, 2, 32–34].

V. TEMPERATURE DEPENDENCE OF
RESISTIVITY

In this section we analyze how the obtained in Sec. III
nontrivial behavior of DoS manifests itself in the tem-
perature dependence of the electric conductivity σ(T ).
The single particle DoS depends on temperature via the
DW gap ∆(T ) and affects the resistivity R(T ) via the
electron mean free time already in the Born approxima-
tion. Often such an influence is completely discarded,
e.g., in Ref. [60] where the DoS of the compound was
assumed constant in the transport analysis. Our study is
motivated by numerous experiments on resistivity R(T )
in DW metals with imperfect nesting [34, 36, 60, 90, 91].

FIG. 4. Comparison of the numerical Tc (blue curve) with an-
alytical result (16) (orange curve), where ∆1 is the antinesting
term and ∆ is the Peierls energy gap. The dashed part of the
analytical curve corresponds to the region ∆1−∆ ≲ Tc where
the analytical relation (16) doesn’t work.

To compute the diagonal components of the conductiv-
ity tensor, we employ the Kubo-Greenwood formalism.
We start from Kubo - formula, based on quasiparticles of
DW state described within the mean-field approximation

σij = −e2
ˆ

dε

2π

∂f(ε)

∂ε

×
∑
σ=±

ˆ
d2k

(2π)2
viσ(k)vjσ(k)⟨GA

σ (ε,k)G
R
σ (ε,k)⟩,

(17)

where f(ε) is the Fermi distribution function, viσ(k) ≡
∇ki

Eσ(k) is ith component of the velocity vector opera-
tor (see Eq.10), GR,A

σ (ε,k) = [ε− Eσ(k)± i0]−1 are the
single particle retarded and advanced Green’s functions
respectively and e is the electron’s charge. The angu-
lar brackets denote the disorder averaging. Below we
discard the difference between scattering time and trans-
port scattering time. This is valid for the short-range
disorder, including short-wavelength phonons, screened
Coulomb interaction and usual short-range crystal de-
fects. In terms of disorder averaging, this corresponds
to the substitute ⟨GRGA⟩ → ⟨GR⟩⟨GA⟩, where the
disorder-averaged Green’s function is given by the rela-
tion: ⟨GR,A

σ (ε,k)⟩ = [ε − Eσ(k) ± i(2τ)−1], and τ is the
elastic scattering time.
The elastic scattering rate (2τ)−1 of electrons by impu-

rities and by other short-range crystal defects is given by
the imaginary part of the quasiparticle Green’s function
self-energy, which we take in the first Born approxima-
tion. For simplicity, we assume the δ-correlated disorder
potential u(r), diagonal in quasiparticle basis:

⟨u(r)u(r′)⟩ = g2nimpδ(r− r′), (18a)

1

2τ(ε)
=
π

2
g2nimp

ˆ
δ
(
ε− Eσ(k)

) d2k
(2π)2

=
π

2
nimpg

2ν(ε).

(18b)
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Here, nimp is the concentration of short-range crystal de-
fects, mainly impurities, and g is the disorder potential
amplitude. Integrating (17) over energy ε yields the fol-
lowing expressions for the diagonal terms of conductivity
tensor (see also Appendix C):

σxx(T ) =
v2F
2T

∑
σ

ˆ
τ [Eσ(k)]ζσ(k, T )

dk

(2π)2
(19a)

σyy(T ) =
b2

2T

∑
σ

ˆ
τ [Eσ(k)][2ty sin bky]

2ζσ(k, T )
dk

(2π)2
,

(19b)

ζσ(k, T ) =
e2

4 cosh2 Eσ(k,T )
2T

(vFkx − ty cos bky)
2

(vFkx − ty cos bky)2 +∆2(T )
.

The temperature dependence of the Peierls gap ∆(T ) is
taken in the mean-field approximation and Landau the-
ory of the second-order phase transition as

∆(T ) = ∆0

√
1− T

TDW
, (20)

where TDW is the DW phase transition temperature.
Apart from impurity scattering, there is an additional

contribution to the electron scattering rate from electron-
phonon interaction. The full scattering rate is the alge-
braic sum of the impurity and phonon scattering. The
electron-phonon scattering rate is described by the Bloch-
Gruneisen law [85]:

1

τph(T )
=

1

τBG
· F
(
θD
T

)
,

F (z) =

ˆ z

0

z5 dz

(ez − 1) (1− e−z)
.

(21)

Here, the Bloch-Gruineisen time τBG contains the sound
velocity, the ion mass, and Debye temperature θD of the
compound. Formula (21) takes into account the effec-
tive number of phonons on which the carriers scatter.
The full scattering rate is given by the sum of the elastic
scattering rate by crystal disorder and phonon rate:

τ−1 = τ−1
0 + τ−1

ph (22)

Taking into account Eq. 22, we numerically integrate
Eqs.19a,19b. The resultant resistivity components are
presented in Fig. (5). To perform calculations, we took
realistic DW parameters [60] ∆0 = 0.27 eV, Tc = 0.03
eV, ty = 0.37 eV, t′y = 0.16 eV. Our results presented by
plots in Fig. 5 demonstrate a qualitative consistency with
the numerous experimental data obtained in DW metals
[34, 36, 90] (e.g., see Fig. 1 of Ref. [60] or Fig. 3.12 of
the monograph [36]). Note that the previous calculations,
shown in Fig. 4 of Ref. [60], predicted a much stronger
increase of resistivity R(T ) below the CDW phase tran-
sition TDW. At first glance, one indeed expects a much
larger resistivity increment below TDW than shown in
Fig. 5 as large FS parts disappear due to a DW gap in

FIG. 5. Dimensionless components of the anisotropic resistiv-
ity: 10×Rxx (blue curve) and Ryy × t2yb

2/v2F (orange curve)
as a functions of temperature extracted from Eq. 19a, 19b.
Parameter τ−1

BG entering the scattering rate (21) is taken such
that the residual resistance ratio parameter for Rxx is ≈ 70;
R0 = b/(e2vFτBG).

the quasiparticle spectrum, given by Eq. (9). Here we
resolve this inconsistency by taking into account the T -
dependence of the electron mean-free time τ , which also
strongly increases below TDW even in the Born approx-
imation. The latter takes place due to the decrease of
electron DoS at the Fermi level caused by the DW. The
calculation of the temperature dependence of resistivity
in a DW state with imperfect nesting is the second main
result of our paper.

VI. DISCUSSION

We studied the influence of DW with arbitrarily imper-
fect nesting on the SC critical temperature and explored
how it manifests itself in the temperature dependence of
resistivity in the framework of a general model of a real-
istic quasi-1D metal. We have discovered that the DW
with imperfect nesting does not affect the (DoS depen-
dent) exponential increment in the BCS formula (1) for
Tc. Although such a DW strongly reduces the FS by
creating an energy gap covering part of its area, it renor-
malizes the preexponential factor in the SC transition
temperature only. The discussed renormalization comes
from the change in the electron dispersion and in the FS
geometry due to the antinesting term t′y in the electron
spectrum (3). Finally, the temperature dependence of
the conductivity tensor is analyzed in terms of the dis-
cussed model. We show that the nontrivial DoS leads to
qualitative agreement of our results with the experimen-
tal data in rare-earth tritellurides [60] and in many other
DW compounds [34, 36].

We calculated the quasiparticle DoS at arbitrary ratio
of the antinesting parameter 2t′b ≡ ∆1 in electron disper-
sion (3) to the DW energy gap ∆. The obtained DoS ν(ε)
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FIG. 6. Comparison of the numerical DoS (blue curve) with
the displacement vector δQ taken into account and the ana-
lytical curve following from Eqs. 14a- 14b (orange line) taken
at the same physical parameters. The general shape of the
DoS function is not significantly affected (also see Fig. 3 for
comparison).

has two singularities: a jump down at ε = ∆1 − ∆ and
a logarithmic divergence at ε = ∆1 + ∆, which corrects
and generalizes the previous studies [78]. The obtained
DoS differs considerably from that in the BCS theory,
which describes well the DoS of the CDW metals with
ideal nesting [36]. In the BCS theory the first singularity
is absent, while the second singularity is a square-root
divergence of DoS at ε = ∆, which appears in Eq. (12)
only at ∆1 = 0. For imperfect nesting this square-root
divergence shifts by ∆1 = 2t′b and weakens to a logarith-
mic one due to the extra integration over the interchain
direction y. However, this divergence does not disappear
completely, as the antinesting cosine term 2t′b cos(2kyb)
results in van Hove singularities at its boundaries ±2t′b
after the integration over ky in Eq. (12).
Next, the following important remark is in order. We

completely discarded the influence of the antinesting
term t′y on the DW vectorQ throughout the paper. How-
ever, the latter may shift the DW vector from its initial
value Q = (2kF , π/b) at t′y ̸= 0 [35, 92]. Inevitably, the
question arises if the initial nesting vector Q can be used
for our study of the influence of the DW formation on
the electron DoS and physical observables, such as Tc
and R(T ). In the absence of ideal nesting, the DW wave
vector Q maximizes the Kubo susceptibility

χ(T,Q) = −
ˆ

dk

(2π)2
f [ε(k−Q]− f [ε(k)]

ϵ(k−Q)− ϵ(k)
, (23)

since the condition of the Peierls transition corresponds
to the equation χ(Q) = g−1, where g is the electron-
phonon coupling constant. Taking a realistic tempera-
ture T = 100K and a considerable antinesting ∆1 =
1.3∆, we computed the displacement δQ of the DW
wave vector. Our calculations give δQx/Qx ≈ −0.02 and
δQy/Qy ≈ −0.2 in a reasonable agreement with earlier
calculations [35, 92]. The corresponding numerical plot
of the DoS, where the calculated displacement vector Q
is taken into account, is presented in Fig. 6 (blue curve).

For comparison, we show the analytical curve given by
Eqs. 14a- 14b (the shift δQ is discarded), similar to that
in Fig.3, in the same plot. As we see from Fig. 6, the po-
sitions of singularities and the quantitative shape of both
curves are not significantly affected by the change of nest-
ing vector δQ discussed above. One concludes that for
a not too large antinesting term, the change of the DoS
due to the shift of nesting vector Q is negligible. Hence,
although the shift of the DW wave vector from its value
Q = (2kF , π/b) at ideal nesting is considerable, it barely
affects the quasiparticle DoS and the observable quan-
tities such as superconducting Tc and the temperature
dependence of resistivity.
Our formula (16) for the SC transition temperature

Tc in the presence of the DW differs from Eq. 47 of
Ref. [78]. It also predicts the non-exponential Tc de-
crease (power law) as a function of ∆1 −∆ (see Fig. 4).
Unlike predicted in Ref. [78] (Eq. 47), this power dif-
fers from 1/2. This difference comes from two sources.
First, our formula (16) is not restricted by the limiting
case |∆1 − ∆| ≪ ∆, as in Ref. [78]. Second, it consid-
ers a different interval of the DW gap ∆ and antinest-
ing term 2t′b ≡ ∆1 with respect to the Debye frequency
ωD, which serves as an upper limit of the integral in
Eq. (15). Ref. [78] however, addresses the opposite lim-
iting case ωD ≫ ∆1 + ∆, which is relevant to organic
superconductors [24], where the DW transition temper-
ature is rather low (TDW ∼ 10K, so that ∆DW ≲ 50K).
A different situation arises in cuprate high-Tc super-
conductors [1–9], rare-earth tritellurides [19, 20], nickel-
and iron-based high-Tc superconductors, iron-based [10–
15, 93], NbSe2[16–18] and other transition-metal and
rare-earth di and poly-chalcogenides [19–22], where the
DW transition temperature TDW ≳ 100K, and the DW
gap ∆ ≳ 0.1eV ≳ ℏωD even in the SC phase. Therefore,
the regime ∆1 − ∆ < ωD < ∆ + ∆1 in which the ana-
lytical results of in Sec. IV are obtained is valid for wide
class of compounds.

Eq. (16) can be rewritten in a slightly different form:

Tc
T0

=

(
∆1

ωD

)α [
1− ∆

∆1

]α
, α ≡

√
∆

∆1
. (24)

The obtained power law in Eq. (24) contains the expo-

nent α ≡
√

∆/∆1, which is always less than unity. How-
ever, in the limit ∆1 − ∆ ≪ ∆ this exponent α → 1 is
considerably larger than α = 1/2 presented in Eq. (47)

of Ref. [78]. The prefactor
(

∆1

ωD

)α
∼ 1 and does not

change Tc strongly. Hence, in the limit ∆1 − ∆ ≪ ∆
Eq, (24) predicts a lower Tc than Eq. (47) of Ref. [78].
The physical reason for this stronger Tc decrease is as
follows. The limit ωD ≫ ∆1 + ∆ addressed in [78] im-
plies that the integration domain in (15) for Tc spans
the region ξ > ∆1 + ∆ where the DoS has a logarith-
mic singularity and satisfies the condition ν > ν0. In our
calculations in Sec. IV and in Eqs. (16) and (24), de-
rived at ωD < ∆+∆1, this interval does not contribute
to the integral (15), lowering the resulting Tc. Hence,
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at ωD > ∆1 + ∆ the SC transition temperature is even
higher than in Eqs. (16) and (24).

For large antinesting ∆1 > 4∆ the exponent α < 1/2
(see Eqs. (16) and (24)). Combined with the additional
factor (∆1/ωD)

α ≳ 1 in Eq. (24), this makes the pre-
dicted Tc even larger than in Ref. [78], but still lower than
T0. Finally, at ∆1 ≫ ∆ the predicted ratio Tc/T0 → 1,
so that the Tc renormalization caused by the reduction of
electron DoS at the Fermi level by DW gap is negligible.
Therefore, due to a known effect of additional enhance-
ment of SC coupling coming from DW fluctuations [63–
66], we predict the increase of SC transition temperature
by DW, in agreement with numerous experiments on SC
– DW interplay in the high-Tc superconductors and in
many other materials.

Lastly, we should emphasize the following counterintu-
itive result: the smallness of the resistivity increment at
and below the DW transition temperature TDW (see Fig.
5). This result agrees quite well with experimental obser-
vations in various materials (see e.g., Figs. 1 and 2 of Ref.
[94], Fig. 1 of Ref. [60], Fig. 3.12 of Ref. [36]). Naively,
one may expect a rather large resistivity increment at
TDW in these materials, because only tiny FS parts re-
main ungapped, as observed by ARPES (e.g., see Fig.
3a of Ref. [95] for TbTe3). However, as we show in Sec.
V, the resistivity increment at TDW is much smaller than
one could expect from the dramatic reduction of the FS.
The physical explanation is as follows. Despite the fact
that the FS shrinks, the reduction of quasiparticle den-
sity at the Fermi level affects both: the number of charge
carriers and their mean free time. When computing the
conductivity, these two effects happen to compensate for
each other in the first approximation. The small resis-
tivity increment at TDW still appears (see Fig. 5) due to
the renormalization of quasiparticle spectrum, given by
Eq. (9), which reduces the mean electron velocity at the
Fermi level. This, in turn, reduces the conductivity, pro-
portional to the mean square of electron velocity at the
Fermi level [84, 85] (see also Eq. 17 above). To our knowl-
edge, this simple qualitative picture was missing before.
For example, in Ref. [60] an alternative explanation of
the unexpectedly small resistivity increment at TDW was
proposed. It is based on a very slow grow (possibly, due
to CDW fluctuations) of the CDW order parameter ∆
as temperature decreases just below TDW. However, not
only this very slow increase of ∆ contradicts the Landau
theory of phase transitions but also the experimental ob-
servations of the temperature dependence of elastic X-ray
scattering intensity at the CDW wave vector (see Figs.
6 and 7 of Ref. [94]). On the contrary, our theoretical
description of the temperature dependence of resistivity
agrees well with all available experimental data in these
compounds.

To summarize, we have studied the electronic prop-
erties of the general model of a density wave compound
with imperfect nesting for arbitrary value of the antinest-
ing parameter. We have computed its DoS and explored
its influence on such important observable characteris-

tics as superconducting Tc and the temperature depen-
dence of resistivity. Our results help to shed some light
on the phase diagram and transport properties of var-
ious density-wave superconductors, including the high-
Tc cuprates, transition-metal and rare-earth polychalco-
genides, nickel- and iron-based high-Tc superconductors,
and other promising materials.
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Appendix A: DoS with imperfect nesting

We put vF = 1, b = 1 in what follows and restore cor-
rect units in the final formulae. In all subsequent calcula-
tions, the integration region is a quarter of the Brillouin
zone due to the symmetry of the gap spectrum (9). Let
us first assume that the antinesting term is not small and
satisfies the condition:

2t
′

y = ∆1 > ∆. (A1)

One can analytically compute the DoS in the vicinity of
∆ + ∆1: ϵ = ∆ + ∆1 + δϵ , δϵ ≪ ∆. After integrating
over kx the integral (11) becomes:

2

ˆ π

0

∆+ δϵ+∆1(1 + cos 2ky)√
(∆ + δϵ+∆1(1 + cos 2ky))2 −∆2

dky
(2π)2

. (A2)

Subtracting singular terms, we obtain:

2

ˆ π

0

[
b+ 2 cos2 ky√

(b+ 2 cos2 ky)2 − b2
−
√
b

4

1

| cos ky|

]
dky
(2π)2

+ 2

√
b

2

ˆ π

0

1√
2 cos2 ky + a

dky
(2π)2

,

b =
∆

∆1
, a =

δϵ

∆1
.

(A3)
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The first part of integral (A3) can be evaluated easily
with the substitution t = cos ky, dky = dt√

1−t2
:

2

ˆ π

0

[
b+ 2 cos2 ky√

(b+ 2 cos2 ky)2 − b2
−
√
b

4

1

| cos ky|

]
dky
(2π)2

=

ˆ 1

0

[
2t√
b+ t2

+
b−

√
b2 + bt2

t
√
b+ t2

]
dt

(2π)2
√
1− t2

=

1

(2π)2

ˆ 1

0

dt

t
√
1− t2

[
b+ 2t2√
b+ t2

−
√
b

]
=

1

2π2

[
arcsin

1√
1 + b

−
√
b

2
ln

(
1 +

1

b

)]
.

(A4)

The second part of the integral (A3) reads

2

(2π)2

√
b

2

ˆ π
2

0

ds√
2 sin2 s+ a

=

2

(2π)2

√
b

2

[ˆ π
2

0

(
ds√
2 sin s

− ds√
2s

)
+

ˆ π
2

0

ds√
2s2 + a

]
=

√
b

(2π)2

(
ln 4

√
2− ln

√
a
)

s = ky −
π

2
,
s

ky
≪ 1.

(A5)

Summing up (A4) and (A5), we obtain the final form
of the DoS given by Eq. (13) in the main body of the
paper.

Now we put ε = ∆1 − ∆ + δε, ∆1 > ∆, δε ≪ ∆.
There are two different cases. When δε > 0 or δε = 0
the pockets of the FS from the lower branch have not yet
appeared. The integral (12) reads

ˆ arccos
√

b+ a
2

0

a− b+ 2 cos2 ky√
(a− b+ 2 cos2 ky)2 − b2

dky
(2π)2

,

b =
∆

∆1
, a =

δε

∆1
. (A6)

To compute the integral (12) at δε = 0, we use the sub-
stitution t = cos ky:

ˆ arccos
√
b

0

−b+ 2 cos2 ky√
(−b+ 2 cos2 ky)2 − b2

dky
(2π)2

=

ˆ arccos
√
b

0

2 cos2 ky − b

2
√
(cos2 ky − b)(cos2 kky)

dky
(2π)2

=

ˆ 1

√
b

2t2 − b

2t
√
(t2 − b)

√
1− t2

dt

(2π)2
=

1

8π

(
1−

√
b

2

)
.

(A7)

When δε < 0, two small pockets appear in the vicinity of
the point qy = π/2. Consequently, they contribute to the

DoS. The corresponding contribution looks as follows:

ˆ π
2

π
2 −arccos

√
a

2

a− b+ 2 cos2 ky√
(a− 2b+ 2 cos2 ky)(a+ 2 cos2 ky)

dky
(2π)2

=

ˆ arcsin

√
|a|
2

0

−|a| − b+ 2 sin2 s√
(−|a| − 2b+ 2 sin2 s)(−|a|+ 2 sin2 s)

ds

(2π)2
,

s = ky −
π

2
,
s

ky
≪ 1.

(A8)

Now, we expand sin s and arcsin

√
|a|
2 over a small pa-

rameter a:

ˆ √
|a|
2

0

−|a| − b+ 2s2√
(−|a| − 2b+ 2s2)(−|a|+ 2s2)

ds

(2π)2
=

ˆ √
|a|
2

0

−b√
2b(|a| − 2s2)

ds

(2π)2
= −

√
b

1

16π
. (A9)

Finally, combining Eq. (A7) and Eq. (A9) we obtain
Eq. (14a) for the density of states.
Now let us calculate the DoS with the energy ε = ∆−

∆1 + δε, ∆ > ∆1. The integral for DoS (12) reads

ˆ π/2

0

a+ b
2 − sin2 ky√

(a+ b− sin2 ky)(a− sin2 ky)

dky
(2π)2

,

a =
δϵ

2∆1
, b =

∆

∆1
, sin ky = a sin t. (A10)

The completely analogous calculations yield Eq. 14b.

Appendix B: SC critical temperature

In the equation for Tc (15) the r.h.s. can be represented
as the sum of simple integrals, where we use the step-like
structure of the density of states from Eqs. (14a), (14b):

1

g
= ν

ˆ ∆1−∆

Tc

dξ

ξ
+ (ν − δν)

ˆ ωD

∆1−∆

dξ

ξ
=

ν ln

(
∆1 −∆

Tc

)
+ (ν − δν) ln

(
ωD

∆1 −∆

)
=

ν ln
ωD

Tc
− δν ln

ωD

∆1 −∆
.

(B1)

Solving (B1) gives Eq. (16) in the main body.

Appendix C: Conductivity

The integral (17) in the main body is computed with
complex analysis. Combination of Green functions

GA(ε,k)GR(ε,k) =
1

(ε− E(k))
2
+
(

1
2τ

)2 (C1)
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can be substituted with the Dirac δ-function δ (ε− E(k))
in the limit 1

τ ≪ |ε− E(k)|:

GA(ε,k)GR(ε,k) ≈ τδ (ε− E(k)) . (C2)

After integrating over ε, Eq.(17) simplifies to

σij(T ) =
e2

2T

∑
σ

ˆ
dk

(2π)2
τ [Eσ(k)]

4 cosh2 Eσ(k,T )
2T

∂Eσ(k)

∂ki

∂Eσ(k)

∂kj
.

(C3)

From the last equation we obtain the final Eqs. 19a-19b
presented in the main body.

[1] J. Chang, E. Blackburn, A.T. Holmes, N.B. Christensen,
J. Larsen, J. Mesot, Ruixing Liang, D.A. Bonn, W.N.
Hardy, A. Watenphul, M.v. Zimmermann, E.M. Forgan,
and S.M. Hayden. Direct observation of competition be-
tween superconductivity and charge density wave order
in YBa2Cu3O6.67. Nature Phys, 8(12):871–876, October
2012.

[2] S. Blanco-Canosa, A. Frano, T. Loew, Y. Lu,
J. Porras, G. Ghiringhelli, M. Minola, C. Mazzoli,
L. Braicovich, E. Schierle, E. Weschke, M. Le Tacon,
and B. Keimer. Momentum-dependent charge correla-
tions inYBa2Cu3O6+δSuperconductors probed by res-
onant x-ray scattering: Evidence for three competing
phases. Phys. Rev. Lett., 110(18):187001, May 2013.

[3] Eduardo H. da Silva Neto, Pegor Aynajian, Alex
Frano, Riccardo Comin, Enrico Schierle, Eugen Weschke,
András Gyenis, Jinsheng Wen, John Schneeloch, Zhijun
Xu, Shimpei Ono, Genda Gu, Mathieu Le Tacon, and
Ali Yazdani. Ubiquitous interplay between charge order-
ing and high-temperature superconductivity in cuprates.
Science, 343(6169):393–396, 2014.

[4] W. Tabis, B. Yu, I. Bialo, M. Bluschke, T. Kolodziej,
A. Kozlowski, E. Blackburn, K. Sen, E.M. Forgan, M.v.
Zimmermann, Y. Tang, E. Weschke, B. Vignolle, M. Hep-
ting, H. Gretarsson, R. Sutarto, F. He, M. Le Tacon,
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[36] George Grüner. Density Waves in Solids. Addison-
Wesley Pub. Co., Advanced Book Program, 1994.

[37] V Kresin, Y Ovchinnikov, and S Wolf. Inhomogeneous
superconductivity and the “pseudogap” state of novel su-
perconductors. Phys. Rep., 431(5):231–259, September
2006.

[38] Seidali S. Seidov, Vladislav D. Kochev, and Pavel D.
Grigoriev. First-order phase transition between super-
conducting and charge/spin density wave states causes
their coexistence in organic metals. Phys. Rev. B,
108:125123, Sep 2023.

[39] G. Campi, A. Bianconi, N. Poccia, G. Bianconi, L. Barba,
G. Arrighetti, D. Innocenti, J. Karpinski, N. D. Zhigadlo,
S. M. Kazakov, M. Burghammer, M. v. Zimmermann,
M. Sprung, and A. Ricci. Inhomogeneity of charge-
density-wave order and quenched disorder in a high-tc
superconductor. Nature, 525(7569):359–362, Sep 2015.

[40] Jennifer E Hoffman. Spectroscopic scanning tunneling
microscopy insights into fe-based superconductors. Re-
ports on Progress in Physics, 74(12):124513, nov 2011.

[41] K. M. Lang, V. Madhavan, J. E. Hoffman, E. W. Hudson,
H. Eisaki, S. Uchida, and J. C. Davis. Imaging the granu-
lar structure of high-Tc superconductivity in underdoped
Bi2Sr2CaCu2O8+δ. Nature, 415(6870):412–416, January
2002.

[42] W. D. Wise, Kamalesh Chatterjee, M. C. Boyer, Takeshi
Kondo, T. Takeuchi, H. Ikuta, Zhijun Xu, Jinsheng Wen,
G. D. Gu, Yayu Wang, and E. W. Hudson. Imaging
nanoscale fermi-surface variations in an inhomogeneous
superconductor. Nature Phys, 5(3):213–216, January
2009.

[43] F. Massee, Y. Huang, R. Huisman, S. de Jong,
J. B. Goedkoop, and M. S. Golden. Nanoscale
superconducting-gap variations and lack of phase sepa-
ration in optimally doped bafe1.86co0.14as2. Phys. Rev.
B, 79:220517, Jun 2009.



12

[44] Krzysztof Gofryk, Minghu Pan, Claudia Cantoni, Bayra-
mmurad Saparov, Jonathan E. Mitchell, and Athena S.
Sefat. Local inhomogeneity and filamentary super-
conductivity in pr-DopedCaFe2As2. Phys. Rev. Lett.,
112(4):047005, January 2014.

[45] D. Cho, K. M. Bastiaans, D. Chatzopoulos, G. D. Gu,
and M. P. Allan. A strongly inhomogeneous superfluid
in an iron-based superconductor. Nature, 571(7766):541–
545, Jul 2019.

[46] Anton Fente, Alexandre Correa-Orellana, Anna E.
Bohmer, Andreas Kreyssig, S. Ran, Sergey L. Budko,
Paul C. Canfield, Federico J. Mompean, Mar Garćıa-
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