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We present a method for computing thermal properties of classical spin clusters with arbitrarily
chosen interactions between spins. For such systems, instability channels are a priori not known.
The method is based on the Fluctuating Local Field (FLF) approach, the effective description of the
system with a nonlinear and fluctuating field, and achieves substantial improvements over mean-
field theory. We show that two fluctuating modes are sufficient for numerically accurate solution of
systems consisting of two dozen spins, while for larger systems it is needed to account for a larger
number of fluctuating modes for a full quantitative agreement with the exact solution.

I. INTRODUCTION

It is well understood from the time of V. Ginzburg
and L. Kadanoff that fluctuations of the order param-
eter are at heart of phase transformations and should
be accounted in any theoretical description of these
phenomena1–3. Significant progress has been achieved
in this area, mostly with various versions of the renor-
malization group technique4, including recent advances
with the functional renormalization group5,6.

However, quantitative microscopic description of sys-
tems with competing order parameters are still com-
plicated. Modelling of such systems as cuprate-based
supercunductors7,8, and frustrated magnetism9 remains
a great challenge till now. Low-dimension and nano-scale
systems are particularly difficult in this context as they
exhibit strong fluctuations of the order parameter(s)10,11.

Most of the methods use the mean field treatment
as a starting point and then consider fluctuations us-
ing perturbation theory12. One of the challenges to be
mentioned is that the leading channel of fluctuations
is not always known. One should construct an unbi-
ased approach. For correlated fermionic systems, par-
quet equations13 and functional renormalization group5
are used to treat fluctuations in different channels on the
same footing. However, one of the difficulties of such
unbiased diagrammatic treatment of fluctuations is its
high computational complexity. For example, the par-
quet equations can be numerically solved for a cluster
limited to 6 × 6 sites14, which is comparable to the per-
formance of numerically exact methods limited by the
exponential growth of the Hilbert space15. Significant
increase of the performance requires additional approx-
imations, such as integration out of high frequencies in
the dual-fermion space16, optimized momentum grids17
or partial bosonization of vertex functions18. An addi-
tional problem is related to the fact that both parquet
equations and functional renormalization group rely on
the assumptions that collective fluctuations obey Gaus-
sian statistics and/or their magnitude is small. Contrary,
small and low-dimensional systems can develop strong
nonlinear collective modes – antiferromagnetism in the

Hubbard model at half filling is a good example here.
Thus, use of the unbiased diagrammatic treatment of
fluctuations for small and low-dimensional systems re-
mains limited.

The Fluctuating Local Field (FLF) method19 is an al-
ternative approach aiming a description of fluctuations
regardless of their magnitude and statistics. In this ap-
proach, nonlinear fluctuations of the soft mode(s) are de-
scribed by introducing artificial classical fields acting on
the corresponding degrees of freedom. First, the method
has been formulated for a quantitatively good descrip-
tion of small classical lattices subjected to an external
polarizing field. Later, it was extended to fermionic sys-
tems and applied to Hubbard-like clusters in 1D and 2D
geometries20–22.

So far, the Fluctuating Local Field approach has been
formulated and applied to the systems where the leading
channel of fluctuations is known a priori. This means
that one had to find the leading modes by other methods
and only afterwards use the FLF approach to accurately
treat them. As we discussed, it would be desirable to
construct an unbiased version of the FLF, so that the
fluctuating modes are detected and treated within the
same procedure. This is the goal of the present work.

In this paper, we introduce a self-consistent procedure
to find leading instability channels within the FLF ap-
proach without resorting to other methods. We apply
our approach to perform unbiased FLF calculations for
Ising-class systems, not limited to certain geometries and
particular types of interactions. We show that this ap-
proach allows to capture physics of classical spin clusters
with a frozen disorder using only a few fluctuating modes.

II. MODEL AND METHOD

We consider statistical properties of the classical Ising
model with arbitrarily chosen interactions Jij between N
spins in the presence of a small magnetic field hi:

E = −
N∑

i,j=1

Jijsisj −
N∑
i=1

hisi, (1)
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where E is the energy of a configuration of N spins
{si = ±1}, i = 1, . . . N . We will consider several systems
with different interaction matrices. In particular, disor-
dered models will be studied where leading channels of
fluctuations are not a priori known. The on-site mag-
netic field hi is sampled from the Gaussian distribution
with zero mean and a variance several orders of magni-
tude smaller than the interaction strength between spins.
The purpose of the magnetic field is to lift possible de-
generacies, so that in the limit of T → 0 thermodynamic
averages 〈si〉 are either +1 or −1. For higher temper-
ature, a response to h allows to guess about the linear
susceptibility of the system.

Let us present the description of the Fluctuating Local
Field method for finding finite temperature properties
of the model under study. We will formulate the FLF
method using an auxiliary problem which describes an
effective long-range interaction between spins that comes
from low-energy excitations of the system. The auxiliary
problem is characterized by the energy

Ẽ = −

(
N∑
i=1

fisi

)2

−
N∑
i=1

hisi, (2)

where fi are real-valued variational parameters which are
to be self-consistently defined later.

The system described by (2) can be readily solved
by applying the Hubbard-Stratonovich transformation to
the partition function Z̃ of the auxiliary problem at tem-
perature T :

Z̃ =
∑
{s}

e−Ẽ/T =
∑
{s}

e((
∑

fisi)
2+

∑
hisi)/T =

1√
πT

∫
dx e(−x

2+2x
∑

fisi+
∑

hisi)/T =

∫
dx z̃(x),

(3)

where the integration goes from −∞ to ∞, and

z̃(x) =
1√
πT

e−x
2/T

N∏
i=1

2 cosh
2fix+ hi

T
.

Similarly, one can also calculate the local magnetization

〈si〉 =
1

Z̃

∫
dx tanh

2fix+ hi
T

z̃(x)

and correlation functions between the different sites

〈sisj〉 =
1

Z̃

∫
dx tanh

2fix+ hi
T

tanh
2fjx+ hj

T
z̃(x).

Variational parameters fi can be found using the self-
consistency condition, which we derive from the Gibbs-
Bogolyubov-Feynman variational principle23:

〈E − Ẽ〉Ẽ − T log Z̃ = min. (4)

Here E is the energy of the original problem (1), Ẽ
is the energy of the trial problem (2) and averaging is
performed with respect to the trial problem 〈. . . 〉Ẽ =∑
{s} . . . e

−Ẽ/T /Z̃. Thus, the self-consistency condition
corresponds to a vanishing variation of (4):∑

i,j

(fifj − Jij)δ〈sisj〉Ẽ = 0. (5)

Solving equations (5) without any approximations is
technically as hard as finding the global minimum of (4).
However, if we assume that the largest contribution to
correlators comes from the soft mode(s), this would sig-
nificantly simplify the problem. In that case we are able
to approximate the correlation function by its largest
eigenvalue 〈sisj〉Ẽ ≈ λ vivj , where λ is the maximum
eigenvalue of 〈sisj〉Ẽ and vi is the i-th component of the
corresponding eigenvector v. Therefore, we can rewrite
δ〈sisj〉Ẽ as

δ〈sisj〉Ẽ = δ
(√

λ vi
√
λ vj

)
=

δ
(√

λ vi

)√
λ vj +

√
λ vi δ

(√
λ vj

)
.

(6)

This brings us to the self-consistency condition

N∑
j=1

(fifj − Jij)vj = 0, (7)

which holds for any i.
The set of N equations (7) is more feasible than the

condition (5), and requires only a calculation of the lead-
ing eigenvector v of the second-order correlator matrix
〈sisj〉.

One way to obtain fi satisfying the obtained self-
consistency condition is to solve (7) iteratively:

f
(n+1)
i =

∑
j Jijv

(n)
j∑

j f
(n)
j v

(n)
j

, (8)

where (n) is the iteration number. In our numerical im-
plementation of the method, we have overcome possible
instabilities arising in (8) by introducing damping fac-
tors α for updates f (n)i = (1−α)f

(n)
i +αf

(n−1)
i . For the

most unstable regimes of parameters we mixed all previ-
ous iterations together f (n)i =

∑n
m=1 α

(m)f
(m)
i , provided∑n

m=1 α
(m) = 1. The latter scheme is guaranteed to have

a stable fixed point, but the rate of convergence may be
slower. During the computations, we started from the
paramagnetic phase and then gradually decreased tem-
perature. Variational parameters which were obtained
for a higher temperature were used as an initial guess
for solving self-consistency equations for a lower temper-
ature.

We can extend the method and take into account sev-
eral low-energy modes. For the case of two modes the



3

total two-mode FLF energy is

Ẽ2 = −

(
N∑
i=1

f ′isi

)2

−

(
N∑
i=1

f ′′i si

)2

−
N∑
i=1

hisi, (9)

where the adjustable parameters are now the two-
component vectors fi = (f ′i , f

′′
i ).

Hubbard-Stratonovich decoupling yelds the trial par-
tition function:

Z̃2 =

∫
d2x z̃2(x); (10)

z̃2(x) =
1

πT
e−x

2/T
N∏
i=1

2 cosh
2fix + hi

T
,

where fix = f ′ix
′ + f ′′i x

′′ is the scalar product. The ex-
pressions for averages stay formally the same as for the
single-mode FLF (see Eqs. (3)), with the only substitu-
tion of fix for fix. The self-consistency condition then
reads

N∑
j=1

(fifj − Jij)δ〈sisj〉Ẽ2
= 0, (11)

where fifj = f ′if
′
j + f ′′i f

′′
j .

Now assume that the strongest contribution to the cor-
relation function comes from two lowest modes 〈sisj〉 ≈
λ(1)v

(1)
i v

(1)
j + λ(2)v

(2)
i v

(2)
j . The simplified version of (11)

reads ∑
j

(fifj − Jij)v(1,2)j = 0, (12)

which is now a set of 2N equations for 2N variables. The
generalization of (10) and (12) for an arbitrary number
low-energy modes is straightforward.

III. RESULTS

We applied one-mode and two-mode Fluctuating Lo-
cal Field method to the Ising clusters of sizes ranging
from 16 to 32 sites with different types of interaction be-
tween spins, and a small external field hi sampled from
a Gaussian distribution with a variance of 0.03 for all
of the discussed problems. We calculated response func-
tions to the magnetic field and compared them to the
response functions calculated by means of exact enumer-
ation (ED) and the mean-field theory (MF). As part of
the necessary checks, we made sure that both FLF and
MF methods give the true ground state energy for all
systems examined.

The response of a local magnetization 〈si〉 to an exter-
nal non-uniform magnetic field hj is described by the the

-1
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T

sites (1,1) and (1,2), one-mode FLF
sites (1,1) and (1,2), ED

sites (1,1) and (1,2) from MF

Figure 1. Dependence of on-site magnetization on tempera-
ture for two neighboring spins in a 4 × 4 antiferromagnetic
cluster with periodic boundary conditions obtained by one-
mode FLF (blue dashed), MF (red) and exact (black) meth-
ods.

susceptibility matrix

χij = T
∂〈si〉
∂hj

. (13)

In the thermodynamic limit, when a system experiences
a phase transition, the leading eigenvalue Λmax of the
matrix χij diverges. Finite systems do not display phase
transition and eigenvalues of χij are limited to the size of
the system, N . It is worth pointing out that MF predicts
phase transition, and hence divergent response functions,
even for finite-size systems. The mean-field susceptibility
χmf
ij is given by the matrix

χmf
ij =

(
1

1− 〈si〉2
δij −

2

T
Jij

)−1
, (14)

where δij is the Kronecker delta. This matrix always
has the infinite eigenvalue at the temperature Tmf

c = 2J ,
where J is the largest eigenvalue of the coupling matrix
Jij .

We start our analysis by considering a 4×4 cluster with
uniform antiferromagnetic couplings between neighbor-
ing spins (J〈i,j〉 = −1) subjected to periodic boundary
conditions. This system shows a checkerboard pattern
of spins at zero temperature. Figure 1 shows a tempera-
ture dependence of local spin polarization for neighboring
sites whose (x, y) coordinates are (1, 1) and (1, 2). We
notice a perfect agreement between the one-mode FLF
method and the exact solution. One naturally expects
that for small clusters the mean-field approximation gives
overestimated values of the order parameter. In this case,
MF predicts an already saturated local magnetization,
while in fact it is set only at sufficiently low tempera-
tures. Figure 2 shows the temperature dependence of
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Figure 2. Dependence of two leading eigenvalues of magnetic
susceptibility on temperature in a 4 × 4 antiferromagnetic
cluster with periodic boundary conditions obtained by one-
mode FLF (blue dashed), mean field (red) and exact (black)
methods.

two leading eigenvalues Λ of the magnetic susceptibil-
ity matrix χij One can see that a single fluctuating soft
mode is enough to describe physics of this system. Slight
deviations in the behaviour of the leading eigenvalue in
one-mode FLF from the exact solution are visible in the
range of temperatures from 2 to 6. The second largest
eigenvalue for FLF qualitatively repeats the behavior of
the exact one but its value is somewhat lower. This is to
be expected since the simplified self-consistency (7) was
derived under the assumption that the largest contribu-
tion to fluctuations comes from the biggest eigenvalue.
One can also notice that mean-field eigenvalues are quite
close to the exact ones in the region of high tempera-
tures, but then erroneously predict a phase transition at
Tmf
c = 4.
In order to illustrate how disorder affects the behavior

of the susceptibility, we now consider a cluster formed by
16 spins with all-to-all random binary antiferromagnetic
interactions, i.e. values of Jij are either −1 or 0 with a
probability 50%. Fig. 3 shows the temperature behavior
of two largest eigenvalues of spin susceptibility for this
model. We observe that this time one fluctuating mode
only qualitatively describes the behavior of the system.
It correctly predicts the point where fluctuating are the
strongest but overestimates their magnitude for higher
temperatures. Introducing the second mode helps resolve
quantitative disagreements between FLF and the exact
solution. We note that for the two-mode FLF not only
the largest eigenvalue, but also the second largest one is
close to the exact solution.

If we let the interaction matrix elements have an ar-
bitrary sign, the shape of the temperature dependence
of the magnetic response will be more complicated. Fig.
4 shows eigenvalues of χij for a cluster consisting of 18
sites with random interactions between all spins sampled
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Figure 3. Dependence of two leading eigenvalues of magnetic
susceptibility on temperature in a 16 sites cluster with an-
tiferromagnetic binary random couplings between all spins
obtained by two-mode FLF (purple), one-mode FLF (blue),
mrean field (red) and exact (black) methods.
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Figure 4. Dependence of two leading eigenvalues of magnetic
susceptibility on temperature in a 18 sites cluster with Gaus-
sian random couplings between all spins obtained by two-
mode FLF (purple), one-mode FLF (blue), mean field (red)
and exact (black) methods.

for the Gaussian Orthogonal Ensemble with zero mean
and variance 1. One can see that one-mode FLF once
again correctly predicts the temperature where fluctua-
tions are the strongest while failing to reproduce features
in the shape of the temperature dependence of leading
eigenvalues. However, the two-mode FLF successfully
captures them for both eigenvalues.

Fig. 5 shows the temperature dependence of two lead-
ing eigenvalues of magnetic susceptibility for a cluster
consisting of 32 spins with random interactions between
all spins sampled for the Gaussian Orthogonal Ensemble
with zero mean and variance 1. One-mode FLF strongly
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Figure 5. Dependence of two leading eigenvalues of magnetic
susceptibility on temperature in a 32 sites cluster with Gaus-
sian random couplings between all spins obtained by two-
mode FLF (purple), one-mode FLF (blue), mean field (red)
and exact (black) methods.

overestimates the role of fluctuations of a single mode.
Two-mode FLF gives the leading eigenvalue somewhat

closer to the exact solution yet failing to reproduce the
behavior of the second largest eigenvalue of the response
function. This suggests that it is necessary to include
more than two fluctuating modes clusters of this size.

IV. CONCLUSIONS AND OUTLOOK

In conclusion, we have developed the Fluctuating Local
Field method to treat in an unbiased way classical spin
systems with arbitrary interactions for which the insta-
bility channel is a priori not known. We showed that
two low-energy modes is enough to capture the physics
of clusters of 16 to 18 spins with local and all-to-all inter-
actions, while clusters consisting of 32 spins require the
incorporation of more modes for quantitatively accurate
results. Therefore, the FLF method targets the class of
systems whose size is relatively large and exact calcula-
tions are cumbersome. Extended to correlated fermionic
systems, the method can applied to the study of complex
molecules, atom cluster and SYK-type models24.
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