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The characterization of wettability of substrates by liquid nanodrops
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Abstract

Wettability of a substrates is characterized by a contact angle. Applicability of the simple formula developed by
Derjaguin, which relates to the contact angle and disjoining pressure to nano-scale liquid droplets is reconsidered
within the framework of the theory of the first-order wettingtransition of volatile liquids. It is concluded that his
formula is generally correct for large droplets on an incompletely-wettable substrate. But it can not be applied to
nanodroplets, in particular, on a completely-wettable substrate. An effective contact angle can be defined even for the
nanaodroplet. A formula similar to the Derjaguin formula isproposed by which we can calculate the contact angle of
nanodorplets on both an incompletely- and a completely-wettable substrate for which the whole volume of the droplet
is under the influence of the disjoining pressure.
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1. Introduction

The contact angle, which Young [1] simply called an-
gle, plays a fundamental role in various fields of surface
science. It has been used to characterize the wetting
properties of various surfaces. Materials deposited on
a flat substrate form a hemispherical droplet shown in
Fig. 1 and it is characterized by the radiusReff and the
apparent contact angleθa by which we can tell that the
material can wet or not wet the substrate. Of course,
Fig. 1 is idealized picture and there is a transition region
between the bulk droplet and the thin liquid film. The
information about wettability extracted from the contact
angle can then be used to design useful new artificial
surfaces and materials. Even though, the contact angle
has been used for many years to characterize the sur-
face experimentally or empirically, a reliable theoretical
method which can predict the contact angle has still not
been well developed.

Derjaguin [2], more than three decades ago, proposed
a formula which relates to the contact angle and the dis-
joining pressure. Although, this formula opened a way
to predict the contact angle and, therefore, wettability
from the information of the disjoining pressure provided
theoretically [3, 4] or experimentally [5, 6], its utility
is not well recognized [7, 8]. Also, several variants of
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derivation [9, 10] of the original Derjaguin formula [2]
have been proposed. However, due to the recent ad-
vances in nan-science and nano-technology, the contact
angle of the nano-scale droplet becomes measurable us-
ing an atomic force microscope (AFM) [11] and envi-
ronmental scanning electron microscopy (ESEM) [12].
In contrast, usual optical microscopy can only measure
the contact angle of the mili-scale to mico-scale droplet.
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Figure 1: An ideal hemispherical (cylindrical) droplet on asubstrate.
The apparent contact angleθa is defined as the angle of the intersec-
tion of the cylindrical or spherical droplet surface with the effective
radiusReff and the heightL from the substrata and the wetting layer
of the thicknessle.

In our recent publication [13], we considered the
droplet of a volatile liquid nucleated on a flat substrate
which exhibits the first-order wetting transition [14, 15].
We pointed out that the droplet is metastable and is
in fact the critical nucleus of the heterogeneous nucle-
ation [16]. Since the droplet is the critical nucleus of nu-
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cleation, it is well know that it can exist only when the
surrounding vapor isoversaturated when the substrate
is incompletely wettable and is characterized by the fi-
nite macroscopic contact angle. Therefore, the oversat-
urated vapor is necessary to maintain the hemispherical
meniscus of the droplet.

On the other hand, it is also well know [13, 17, 18]
that the droplet can exist not only in the oversaturated
vapor but also in theundersaturated vapor above the
so-calledprewetting line [14, 15, 19]. The droplet in the
undersaturated vapor is not the critical nucleus of the
bulk vapor-liquid phase transition but that of the surface
thin-thick transition [14, 15, 19]. Therefore, the droplet
will not grow infinity but will only grow up to the thick-
ness of the thick wetting film. The shape of droplet
said to deviates significantly from spherical shape and
is more appropriately characterized by a ”pancake” or
”pill box” shape. This drop in the undersaturated va-
por has already been considered many years ago [17]
before the development of the theory of surface phase
transition [14, 19], and is called microdrops [18]. It
is also possible to define a microscopic contact angle
even though the macroscopic contact angle vanishes as
the substrate is completely wettable [13]. In this arti-
cle, we will study the contact angle of the droplet which
is in fact the critical nucleus of the first-order wetting
phase transition. We will focus on the contact angle
for a completely-wettable substrate as well as on an
incompletely-wettable substrate.

2. Morphology of a droplet using the interface-
displacement model

Figure 2 shows the schematic surface phase diagram
for the first-order surface phase transition [13, 15, 19].
The horizontal line∆p = 0 corresponds to the bulk co-
existence line, on which at the wetting transition point
W with the temperatureT = Tw a first-order wetting
transition occurs. The vapor pressure∆p is measured
from the pressure at the liquid-vapor coexistence. The
substrate is incompletely wettable with a finite macro-
scopic contact angle below the wetting transition point
W, and is completely wettable with a vanishing macro-
scopic contact angle above the wetting transition point.
The vapor is oversaturated (∆p > 0) above the coex-
istence and undersaturated (∆p < 0) below the coex-
istence. The prewetting transition line∆pp starts at W
and terminates at the prewetting critical point. Above
this prewetting line and below the bulk coexistence (0>
∆p > ∆pp), the stable state is a thick film. The thickness
diverges at the bulk coexistence and this infinitely thick
film becomes bulk liquid phase above the coexistence

(∆p ≥ 0). Below the prewetting line (∆p < ∆pp), the
stable state is a thin film.
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Figure 2: Schematic surface phase diagram in the temperature T and
the vapor pressure∆p plane. The droplet can exist only in the over-
saturated vapor (∆p > 0) above the bulk coexistence in the incom-
pletely wettable region (T < TW ). In the completely wetting region,
the droplet can exist even in the undersaturated vapor (∆p < 0) above
the prewetting line. It can also exist in the oversaturated vapor below
the spinodal line. A droplet can exist in the region surrounded by three
blue lines.

A droplet can exist on the substrate as the critical nu-
cleus only under the oversaturated vapor above the co-
existence when the substrate is incompletely wettable
(Fig. 2). However, it can exist even in the undersaturated
vapor above the prewetting line and below the spinodal
line (Fig. 2) when the substrate is completely wettable
and the macroscopic contact angle vanishes. In this
case, the vapor pressure becomes effectively oversatu-
rated due to the disjoining pressure of liquid layer [13].
Of course, the droplet can also exist in the oversaturated
vapor when the substrate is completely wettable as long
as the pressure does not exceed the spinodal line. There-
fore, the droplet can exist on the completely-wettable
substrate even though the macroscopic contact angle is
zero [13]. Since various properties of the droplet on a
completely-wettable substrate have been studied in pre-
vious publication [13], we will pay equal attention to
the droplet on an incompletely-wettable substrate.

In order to study the morphology and the contact an-
gle of the droplet on a flat substrate, we will use the in-
terface displacement model (IDM), which has been ex-
tensively used to study the wetting transitions [9, 10, 15,
20]. We will consider only the two-dimensional cylin-
drical drop which can be handled analytically. Also,
we will not use a gradient-squared approximation which
can be used only when the contact angle is small [20].

2



Within the IDM, the free energy functionalΩ of the
droplet is written as

Ω [l] =
∫

[

γ

(

(

1+ (∇l)2
)1/2
− 1

)

+ V (l) − ∆pl
]

dx(1)

whereγ is the liquid-vapor surface tension,V (l) is the
interface potential [9, 10, 15, 20] from the substrate,
which is related to the so-called disjoining pressure
Π (x) through [2, 5, 10]

V (l) =
∫ ∞

l
Π (x) dx, (2)

and∆p denotes the deviation of the vapor pressure from
the liquid-vapor coexistence such that∆p = 0 is the
bulk liquid-vapor coexistence and for∆p > 0 the va-
por is oversaturated. In Eq. (1) we keep the nonlinear
dependence on∇l [20].

Sometimes it is useful to consider the full potential
φ(l) defined by

φ(l) = V(l) − ∆pl. (3)

instead of the effective interface potentialV (l) and the
pressure contribution∆pl separately. This full poten-
tial φ(l) depends on the pressure∆p as well as the tem-
peratureT . Figure 3 (a) shows typical shapes of the
full potentialφ(l) of four cases: the completely-wettable
substrate in the undersaturated vapor (∆p < 0) at the
prewetting line (curve (i)), and in the undersaturated va-
por above the prewetting line (curve (ii)), and in the
oversaturated vapor below the spinodal line (iii), and fi-
nally the incompletely-wettable substrate in the oversat-
urated vapor (curve (iv)).

The full potentialφ(l) exhibits local minimum atle
that corresponds to a thin wetting films [21]. There-
fore, the droplet is always surrounded by a thin wet-
ting film when there is the first-order wetting transition.
When the vapor is undersaturated (∆p < 0) a double-
well shape typical to the first-order thin-thick prewetting
transition is observed (Fig. 3 (a), curves (i) and (ii)). In
this case, two minima atle and atLe correspond to the
metastable thin and the stable thick wetting films. This
thick film become infinitely thick (Le = ∞) when the
vapor is over saturated∆p ≥ 0 (Fig. 3 (a), curves (iii)
and (iv)).

Since the local minimumV (le) at le is related to
the spreading coefficient S and the temperatureT
through [15]

φ (le) = S ∝ T − Tw, (4)

whereTw is the wetting temperature, andS is defined
by

S = γsv− γsl − γ, (5)
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(a) Typical shapes of the full potentialφ (l).
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Figure 3: (a) Scaled full potentialφ (l) /V0 given by Eq. (21) as a
function of the scaled film thicknessl/l0 of the completely-wettable
substrate (b = 1.7)) in the undersaturated vapor (∆p < 0) at the
prewetting line (∆pl0/V0 = −0.0029, curve (i)), in the undersaturated
vapor above the prewetting line (∆pl0/V0 = −0.0015, curve (ii)), in
the oversaturated vapor below the spinodal line (∆pl0/V0 = +0.0015,
curve (iii)), and of the incompletely-wettable substrate (b = 2.2) in the
oversaturated vapor (∆pl0/V0 = +0.0015, curve (iv)). Two horizontal
lines between the thin-film thicknessle and the height of the droplet
L indicates the energy conservation law Eq. (15). (b) Scaled dis-
joining pressure ł0Π (l) /V0 = − (l0/V0) dV (l) /dl of the completely-
wettable substrate (b = 1.7) and of the incompletely-wettable sub-
strate (b = 2.2) that correspond to (a).

3



where γsv and γsl are the substrate-vapor and the
substrate-liquid surface tensions. The first-order wet-
ting transition from the incomplete wetting of a thin liq-
uid film with thicknessle (φ (le) < 0 = φ (l = ∞)) to
the complete wetting of an infinite thickness withl = ∞
(φ (le) > 0 = φ (l = ∞)) will occur at the wetting tran-
sition point W atT = Tw in Fig. 2 (see also Fig. 3 (a)).
Therefore, the complete-wetting regime withS > 0 is
realized above the wetting temperatureT > Tw. Then,
from the Young’s formula [1, 10]

γ cosθa = γsv− γsl (6)

we have

cosθa = 1+
S
γ
= 1+

φ (le)
γ
. (7)

from Eqs. (4) and (5).
Therefore the apparent contact angle vanishes (θa =

0) in the complete-wetting regime withS ≥ 0 and the
macroscopic droplet cannot exist. Using Eqs. (4) and
(2), Eq. (7) is written as

cosθa = 1+
1
γ

∫ ∞

le

Π (x) dx, (8)

whenφ (le) ≃ V (le) (∆p ≃ 0 or le ≃ 0). This is the
well-know Derjaguin formula [2]. The apparent contact
angle can be calculable once we know the disjoining
pressureΠ (l) [4, 5, 6].

It should be noted that since we are considering
the first-order wetting transition, the monotonically de-
creasing surface potentialφ (l) [14] and the disjoining
pressureΠ (l) of the second order wetting transition will
not be considered even though the first order complete
wetting of liquid-vapor system is not observed [14, 19].
Since the concept of disjoining pressure is so general
that its application is not limited to liquid droplets but
is extended to the heterogeneous nucleation of solid
grains [22, 23], our analysis will be useful not only to
those who study wetting but to those who are interested
in nucleation.

Next, we will briefly touch on the surface phase dia-
gram in Fig. 2. Details will be found in previous pub-
lications [13, 15, 19]. In the complete-wetting regime
(S > 0, T > Tw), the prewetting transition∆pp(T )(<
0) line appears in the undersaturated vapor below the
bulk coexistence line∆p = 0 (Fig. 3). At the prewetting
line ∆p = ∆pp < 0, the full potentialφ(l) has double-
minimum shape (curve (i) in Fig. 3 (a)), and the two
minimums have the same depth:

φ (le) = φ (Le) , (9)

and

dφ
dl

∣

∣

∣

∣

∣

le
=

dφ
dl

∣

∣

∣

∣

∣

Le

= 0. (10)

Then the thin (thicknessle) and the thick (thicknessLe)
wetting film can coexist at∆p = ∆pp < 0. The prewet-
ting line in the undersaturated vapor plays a similar
role to the bulk coexistence∆p = 0 in the incomplete-
wetting regime (T < Tw). When the pressure is in-
creased (0> ∆p > ∆pp), the thick film with thickness
Le becomes stable and the thin film withle becomes
metastable (curve (ii) in Fig. 3 (a)). At and above the
bulk coexistence at∆p = 0, the thickness of the stable
thick film diverges (Le → ∞) and it becomes macro-
scopic bulk liquid phase (curve (iii) in Fig. 3 (a)). Fi-
nally, the metastable thin film loses stability at the upper
spinodal in the oversaturated vapor (Fig. 2).

In the incomplete-wetting regime (S < 0, T < Tw)
and in the oversaturated vapor∆p > 0, the bulk liquid
phase becomes stable (curve (iv) in Fig. 3 (a)). The liq-
uid droplet can always appear as a critical nucleus of
the bulk heterogeneous nucleation in the oversaturated
vapor. On the other hand, the thin wetting film with
thicknessle becomes stable in the undersaturated vapor
∆p < 0. Therefore, the liquid droplet on the thin film
cannot form on an incompletely-wettable substrate in
the undersaturated vapor.

Based on the phase diagram shown in Fig. 2 and the
shape of the potentialφ(l) shown in Fig. 3, we can dis-
cuss the morphology of the droplet. For a cylindrical
droplet, the Euler-Lagrange equation for the free energy
(Eq. (1)) is simplified to [9, 10, 20]

γ
d

dx















lx
(

1+ l2x
)1/2















=
dV
dl
− ∆p, (11)

wherelx = dl/dx. Equation (11) could be considered
as a kind of equation of motion for a classical particle
moving in a potential−φ(l) [20].

Equation (11) can be integrated once to give

−γ
(

1+ l2x
)1/2
= −γ cosθ (l) = V (l) − ∆pl +C, (12)

whereC is the integration constant and cosθ (l) is the
cosine of the angleθ(l) made between the tangential line
of the liquid-vapor surface at the heightl(x) and the sub-
strate [9].

Near the substrate, the liquid-vapor interface of the
droplet will smoothly connect to the surrounding thin
liquid film of thicknessl = le with lx = 0, the integration
constantC in Eq. (12) will be given byC = −γ−V (le)+
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∆ple, and the liquid vapor interface will be determined
from

−γ
(

1+ l2x
)1/2
= (V (l) − V (le)) − ∆p (l − le) − γ. (13)

Similarly, at the top of the droplet with a heightl = L,
we have againlx = 0 at l = L (Fig. 2), and the liq-
uid vapor interface will be determined from an equation
similar to Eq. (13) withle replaced byL:

−γ
(

1+ l2x
)1/2
= (V (l) − V (L)) − ∆p (l − L) − γ. (14)

Since Eqs. (13) and (14) must be identical, we have

V (le)−∆ple = V (L)−∆pL, or φ (le) = φ (L) , (15)

which is similar to the energy conservation law for a
classical particle whose (pseudo-)equation of motion is
given by Eq. (11) moving in a potential surface−φ(l).
Then, the heightL of the cylindrical droplet can be de-
termined from Eq. (15).

Therefore the morphology of a cylindrical droplet
can be calculated by integrating the equation of motion
Eqs. (13) or (14). The heightL of the droplet is deter-
mined from Eq. (15) (see the horizontal lines in Fig. 3
(a)). It is apparent from Fig. 2 that the droplet can ex-
ist not only on an incompletely-wettable substrate but
also on a completely-wettable substrate as long as the
droplet’s height is less than the range of action of sur-
face forces (nanodroplets) even though the macroscopic
contact angle vanishes for the latter. Also, nanodroplets
can exist even in an undersaturated vapor below the bulk
coexistence and above the prewetting line on a com-
pletely wettable substrate.

Using the expansionV (l)−V (L) ≃ (l−L) (dV/dl)|l=L,
we have from Eq. (14)

−γ
(

1+ l2x
)1/2
=

(

dV
dl

∣

∣

∣

∣

∣

l=L
− ∆p

)

(l − L) − γ (16)

near the top of the dropletl ≃ L. If the effective pressure
defined by

∆peff = −
dV
dl

∣

∣

∣

∣

∣

l=L
+ ∆p = Π (L) + ∆p (17)

at the top of the droplet with heightL is positive, then
Eq. (14) becomes

−γ
(

1+ l2x
)1/2
= −∆peff (l − L) − γ, (18)

whose solution is a semi-circular shape (Fig. 1)

l =
√

R2
eff − x2 − (Reff − L) (19)

whereReff−L is the shift of the base of circular interface.
The effective radiusReff is given by the Kelvin-Laplace
formula [10]

Reff =
γ

∆peff
. (20)

Equation (20) tells us that the circular liquid-vapor sur-
face near the top of the nucleus can be maintained even
in the undersaturated vapor with∆p < 0 as long as
∆peff > 0. This is the reason why a droplet on a
completely wettable substrate can exist in the undersat-
urated vapor. The effective positive Laplace pressure
(∆peff > 0) results from the repulsive surface potential
with positive disjoining pressure (Π (L) > 0) near the
top of the droplet even though the vapor itself is un-
dersaturated. The effective radiusReff diverges at the
prewetting line where∆peff = 0 from Eqs. (17) and (10)
sinceL = Le. Therefore, as noted before, the prewet-
ting line ∆peff = 0 plays the role similar to the coex-
istence∆p = 0. Various properties of the droplet on a
completely-wettable substrate are found in our previous
publication [13].

The same argument cannot apply to the incompletely
wettable substrates. A droplet cannot form in the under-
saturated vapor with∆p < 0 even if∆peff > 0 orΠ (L) >
0 because the energy conservation law Eq. (15) cannot
be satisfied from Fig. 2. Therefore, on an incompletely-
wettable substrate, the effect of the disjoinig pressure is
less dramatic

Figure 4 compares numerically determined cylindri-
cal droplet shapes with the ideal semi-circular shapes
(Eq. (19)) with the heightL and the effective radiusReff

determined from Eqs. (15) and (20). The droplet shapes
(i) to (iv) in Fig. 4 (a), (b) corresponds to the full po-
tentials (i) to (iv) in Fig. 3 (a). We have used the model
potential [13]:

V (l) = V0















1
2

(

l0
l

)2

−
1+ b

3

(

l0
l

)3

+
b
4

(

l0
l

)4












, (21)

wherel0 is the thickness of thin wetting layer andV0

is related to the Hamaker constant [13, 24]. Applica-
tion of more realistic potentials [4, 5, 7, 8] would be
straightforward. The parameterb controls the complete-
and incomplete-wetting of the substrate. We will have
a completely-wettable substrate whenb < 2.0 and an
incompletely-wettable substrate whenb > 2.0. By scal-
ing the length byl0 and energy byV0, we can make all
the equations dimensionless. In Fig. 3, we have already
shown the potentialφ (l) = V (l) − ∆pl and the corre-
sponding disjoining pressure calculated from Eq. (21).
Then, this droplet model is characterized by a single pa-
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Figure 4: The right-half of the droplet shape numerically determined
from the Euler-Lagrange equation Eq. (11) using the Runge-Kutta
method (solid curves) compared with the ideal semi-circular shape
given by Eq. (19) (broken curves). (a) Droplet shapes on the com-
pletely wettable substrate for the potential (ii) and (iii)of Fig. 4. (b)
Those on the completely wettable substrate in the undersaturated va-
por at the spinodal and on the incompletely wettable substrate in the
oversaturated vapor which correspond to the potentials (i)and (iv) of
Fig. 4. The parameter is fixed toV0/γ = 0.5 and other parameters are
in the figure caption of Fig. 3.

rameter [13]V0/γ, which we setV0/γ = 0.5 in our cal-
culation.

The droplet is very small on the completely-wettable
substrate (Fig. 4 (a), curve (ii) and (iii)) as it represents
microdrops [18]. The droplet shape deviates signifi-
cantly from an ideal circular shape, in particular, at the
prewetting line∆pp. The droplet becomes large but flat
and its shape becomes pancake-like [13, 19] as the va-
por pressure is decreased down to the prewetting line
∆pp (Fig. 4 (b), curve (i)). The size of the critical pan-
cake is finite even at the prewetting line (Fig. 4 (b)) even
though the effective radiusReff diverges (Eq. (20)). On
the contrary, the droplet on the incompletely-wettable
substrate is large and looks almost spherical in the over-
saturated vapor (Fig. 4 (b), curve (iv)). This droplet is
in fact the critical nucleus of the heterogeneous nucle-
ation [13].

It is possible to define an effective contact angleθeff
shown in Fig. 4 by extrapolating the semi-circular shape
(Eq. (19)) down to the surface of the thin film with thick-
nessle. From the geometrical consideration shown in
Fig. 1, we find

cosθeff = 1−
L

Reff
= 1−

∆peffL
γ

(22)

from Eq. (20). This effective contact angle can be de-
fined even on the completely wettable substrate in the
undersaturated vapor (∆p < 0) as long as we stay above
the prewetting line in Fig. 2 and∆peff > 0. Eq. (22) can
be transformed further by using Eq. (15) as

cosθeff = 1−
∆peff

γ∆p
(V (le) − V (L) − ∆ple) , (23)

which can be written using the disjoining potential as

cosθeff = 1 +
∆peff

γ∆p

(
∫ ∞

le

Π (x) dx

−

∫ ∞

L
Π (x) dx + ∆ple

)

. (24)

Comparison of Figures. 1 and 4 suggests that the cir-
cular droplet shape and the effective contact angleθeff
calculated from Eq. (22) represents the apparent contact
angleθa in Fig. 1 fairly well even for the droplet on a
completely-wettable substrate except near the prewet-
ting line where the droplet is too flat.

For sufficiently large droplet with sufficiently largeL
and sufficiently thin wetting filmle ≃ 0, one may ap-
proximateV (L) ≃ 0 and∆peff ≃ ∆p from Eq. (17).
Then we will recover the original Derjaguin’s formula
in Eq. (8) from Eq. (24). Otherwise, we should use the
formula Eq. (24), which is the adaptation of Derjaguin’s
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formula for nanodroplets. The size of the dropletL
for which the original Derjaguin’s formula is applica-
ble will be aroundL ≃ 100 nm when the dispersion
interaction dominates the disjoining pressure since the
retardation effect strongly weakens the dispersion inter-
action for L > 100 nm [24]. Since the droplet on an
incompletely-wettable substrate is usually large, we can
safely use the original Derjaguin’s formula.

Incidentally, the contact angle calculated from the
formula Eqs. (22) to (24) are (i)θeff = 4.5◦, (ii) θeff =
12.6◦, and (iii) θeff = 11.0◦ for the droplets on a com-
pletely wettable substrate (i) to (iii) in Fig. 4. Of course,
the original Derjaguin’s formula Eq. (8) always predicts
θeff = 0 asS > 0 or V (le) > 0 on a completely wettable
substrate. On the other hand, the effective contact angle
for the droplet on an incompletely-wettable substrate
(iv) in Fig. 4 (b) becomesθeff = 9.0◦ from the formula
Eqs. (22) to (24), while the original Derjaguin’s formula
predictsθa = 7.4◦ from Eq. (8). This results suggest that
the original Derjaguin’s formula is fairly accurate and is
a good approximation to the formula Eq. (24) for the
droplet on an incompletely-wettable substrate though
the angles calculated are too small in real experiment
which is due to the oversimplification of our model.

We have been considering the cylindrical droplet for
which semi-analytical formulas Eqs. (12)-(15) can be
available since we can integrate the Euler-Lagrange
equation once to get Eq. (12). Unfortunately, we can-
not integrate the Euler-Lagrange equation for an axi-
symmetric three dimensional hemispherical droplet [13,
25]. Although we can use Eq. (22) for a three dimen-
sional droplet with the effective radius given by [13]

Reff =
2γ
∆peff

, (25)

for a three dimensional droplet instead of Eq. (20),
we cannot use the energy conservation law Eq. (15)
since the Euler-Lagrange equation contains the friction
term [13, 15]. Therefore, the heightL cannot be deter-
mined from Eq. (15). Instead, the heightL should be
determined by solving the Euler-Lagrange equation nu-
merically [13, 25]. Then, Equation (23) and, therefore,
Eq. (24) will have an additional term, and the applicabil-
ity of the formula Eq. (23) as well as the original Der-
jaguin formula Eq. (8) will be more restricted for the
three dimensional droplet.

3. Conclusion

In this paper, we have used the interface displacement
model to reconsider the Derjaguin’s formula for the con-
tact angle and the disjoining pressure and derived a new

formula Eq. (24) which can be applicable even for a
nanodroplet on a completely-wettable substrate. On an
incompletely wettable substrate in the oversaturated va-
por, the droplet is usually large and the Derjaguin’s orig-
inal formula would be applicable. On the other hand,
on a completely wettable substrate not only in the over-
saturated vapor but also in the undersaturated vapor, the
droplet can exist as well. However, the droplet is usually
small and highly distorted from sphere. Even for those
small droplets, our new formula Eqs. (23) or (24) can
be applicable. When the droplet is smaller than 100 nm,
our new formula is recommendable no matter what the
substrate is completely-wetting or incompletely-wetting
since the whole volume of the droplet is under the influ-
ence of the disjoining pressure.
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