CERN-PH-TH/2004-205
YITP-SB-04-66

Super-Chern—Simons Theory as Superstring Theory

Pietro Antonio Grassi abefl and Giuseppe Policastro a.f

@ CERN, Theory Division, CH-1121 Genevé 23, Switzerland,
b YITP, SUNY, Stony Brook, NY 11794-3840, USA,
¢ DISTA, Universita del Piemonte Orientale,
Via Bellini, 1 15100 Alessandria, Italy

¢ Ludwig-Mazimilians- Universitit, Theoretische Physik
Theresienstr. 37, 80333 Minchen, Germany

Superstrings and topological strings with supermanifolds as target space play a central
role in the recent developments in string theory. Nevertheless the rules for higher-genus
computations are still unclear or guessed in analogy with bosonic and fermionic strings.

Here we present a common geometrical setting to develop systematically the prescription
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for amplitude computations. The geometrical origin of these difficulties is the theory of
integration of superforms. We provide a translation between the theory of supermanifolds
and topological strings with supertarget space. We show how in this formulation one can
naturally construct picture changing operators to be inserted in the correlation functions to
soak up the zero modes of commuting ghost and we derive the amplitude prescriptions from
the coupling with an extended topological gravity on the worldsheet. As an application

we consider a simple model on R(I?) leading to super-Chern-Simons theory.
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1. Introduction

The interest on superstrings and topological strings with supermanifold as target space
has increased during the last months. This was mainly due to the progresses in formulating
the superstrings in 10 dimensions with manifest super-Poincaré invariance [[B,f] and in
formulating 4d N' = 4 SYM in the supertwistor space [Af,f]. The pure spinor appoach
allows the consistent quantization of superstrings for any generic background, for example
with Ramond-Ramond fields such as the celebrated AdSs x S5 (see for example [ for a
worldsheet formulation), while the twistor formulation allows a direct comparison between
Feynman diagram computations in quantum field theory and the correlation functions of a
topological B model. The common ground for these models is the super-target space and
the problems of constructing the amplitudes have the same geometrical origin: the theory
of integration of superforms on supermanifolds.

The study of supermanifolds as string theory target space has to be traced back to the
original papers by M. Green and J. Schwarz [§] where a sigma model for 10d superstring
with manifest supersymmetry was formulated. Later, A. Schwarz et al. started the analyis
of topological sigma models with target space as supermanifolds [d]. More recently, mirror
symmetry has given a new acceleration to the analysis of super target spaces [p,[10,11,12].
Indeed, the formulation of mirror symmetry [[3[I4] based on Landau-Ginzburg models
directly leads to supermanifolds. This is due to the fact that the superpotential of non-
linear Landau-Ginzburg theory must be modified by introducing some ghost superfields.
These are twisted fermion fields which, together with the bosonic superfields, parametrize
a supermanifold and the problem of integration on such manifolds emerges again.

For a bosonic manifold M, the theory of integration is related to the theory of anti-
symmetric tensors in the cotangent bundle 7% M. Indeed, the measure for a given simplex
is obtained by constructing the top form of the submanifold. However, this cannot be
naively generalized to superspaces M. The naive space of superforms Q* M can be locally
factorized (if the supermanifold is split, i.e. is obtained by the total space of a vector bundle
by changing the parity of the fibres) into Q* M @& C>*°(Q*N') where M is the bosonic body
of the supermanifold M and N is the fermionic extension. Although these superforms are
polynomial in the anticommuting coordinated dz™, they are functions of the commuting
superform df® (we choose the set of coordinates (2™, 6%) on M which is locally M x N).
In the purely bosonic case the form degree can only be equal or less than the dimension
of the manifold and the top form transforms as a measure under smooth, orientation pre-

serving coordinates transformations. This allows one to integrate the top forms over the
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oriented manifold. On the other hand, superforms may have any form degree and none
of them transforms as a Berezinian measure. Some generalizations have been proposed
by Bernstein and Leites [[J] and they introduced the concept of pseudoforms as distribu-
tions on Q*M @ C(Q*N) (in the literature they are also called integral forms, see for
example book [Ld]). But how is this related to superstrings and topological strings on
supermanifolds?

In the pioneering paper [[7] Friedan, Martinec and Shenker in the case of fermionic
strings (superstrings with worldsheet fermions and 2d local supersymmetry) pointed out
that one has to insert into correlation functions some suitable BRST-closed operators to
soak up the zero modes of bosonic ghosts — the superghosts of 2d supergravity. They indeed
conjectured that if one considers the superspace version of the worldsheet (adding some
fermionic coordinates) the superghosts can be viewed as the differentials of the fermionic
coordinates and therefore the insertions, known also as Picture Changing Operators (PCO),
were needed in order to make a sensible integration theory for superforms (the vertex
operators) on the super-worldsheet. Later, it was further recognized [[§[I9,20 that the
gauge fixing of the gravitino of the 2d superconformal gravity was directly related to the
choice of those PCO insertions. The need of a gauge choice for the gravitino is particularly
important in the computations at higher genus [P1R27].

Fermionic strings is not the only o-model yielding a supersymmetric string theory.
The Green-Schwarz formalism indeed provides an example of a sigma model with super-
symmetry in the target space and this can be quantized using pure spinor formalism (see
B3] for a pedagogical account). In that framework, the construction of higher genus Rie-
mann surface amplitudes requires PCO to reabsorb the zero modes of the commuting
ghosts [B3]. Recently in [24,R27], it has been showed that rules similar to those used in [23]
can be employed to provide a loop expansion in the point-particle limit of string theory and
for a particle description of supergravity. In this case, the PCO insertions are not derived
from a gauge fixing of some worldsheet gauge fields, and they are motivated by symmetries
(BRST symmetry) and ghost anomaly cancellation. However, the bosonic ghosts A* of the
pure spinor formalism are BRST partners of the fermionic coordinates 6% of the target
space and this suggests that A* are the differential of 6% where the role of the de Rham
differential is played by the BRST charge. The path integral over the zero modes of 8¢ and
A% can then be viewed as an integral of superforms. Following the same logic, the ghosts

of the fermionic coordinates in supertwistor space CP3* must require corresponding PCO
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in the amplitudes. Indeed in this context the analogy is rather close as pointed out in
footnote 12 of [].

The connection between PCO and supergeometry is studied in papers [RGR7,2§.
There the author provides a bridge between the formalism for integration on supermani-
folds [B,29,B0,B1] and the PCO. However, the application of his formalism to target space
supermanifold in the context of superparticle and topological strings is lacking and it is
discussed in the present work. We should also mention the work by Sethi [[(] where some
brief comments on integration on supermanifolds were made.

In order to clarify these issues, we consider a simplified model: we take into account
a topological worldline model — Sec. 2.1 — (see [BZ for a pedagogical account) with the
supermanifold R3/? as target space (this is the easiest supersymmetric generalization of the
model taken into consideration by Witten in [B3]; it has N=1 supersymmetry in the target
space parametrized by ™ with m = 0, 1,2 and 0% with o = 1,2. The latter is a Majorana
spinor in 3d). This model can be identified with the open sector of a topological A model
on the worldsheet; in this context, R3? is a Lagrangian submanifold which defines the
boundary conditions for open strings — see Sec. 2.2. The particle model only deals with
the zero modes of the worldsheet theory. The choice of a superparticle model instead of a
superstring is due to our interest in the zero modes of the theory and we therefore neglect
normal ordering problems and other worldsheet details. A similar analysis is performed in
B4]. The target space theory is supersymmetric Chern-Simons theory which is essentially
given by the usual Chern-Simons theory of the a 3-manifold plus a mass term for non-
dynamical fermions [BYBG,B7. It is a supersymmetric model and the equations of motion
are given by null curvatures plus vanishing fermions. The quantization is performed along
the lines of [B,Bg extending the work of [BY] by relaxing the pure spinor constraints. In Sec.
3, we discuss the cohomology of the model at any ghost number at zero and at non-zero
momentum. The zero momentum cohomology is then used to characterize the tree level
measure and to derive the target space action directly from Witten’s string-field theory as
in BJ].

The relation between the cohomology at different ghost numbers and the Batalin-
Vilkovisky formalism for the off-shell theory was discovered in [AQ,f]] and applied to RNS
formalism in [I2]. In those papers, the zero momentum cohomology at the highest ghost
number provides a meaningful integration measure for tree level correlation functions. In
the present work (see Sec. 3.3), we compute the highest (in the present case is 3) ghost

number cohomology group and we found out that there is a unique element which is a
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polynomial in the ghost fields and in the fermion coordinates. In terms of this polynomial
we derive the tree-level measure. The resulting measure is BRST invariant and it contains
enough Dirac delta functions to reabsorb the zero modes as expected. As discussed above,
those delta functions should appear as insertions by means of PCO in order to guarantee the
gauge invariance and the supersymmetry of the model. For that purpose in Sec. 4, we derive
the PCO from a complete geometrical method based on supergeometry and we show that in
the space of pseudoforms the top form coincides with the measure computed with the zero
momentum cohomology. This points out the dependence of the PCO on the gauge choice,
and it illustrates some aspects of the formula for higher genus supestring correlators given
in [IJ. Indeed, we clarify the relation between the zero momentum cohomology and the
path integral measure by identifying the correct top form to be integrated, and we develop
the Cartan calculus for the supergeometry. We show that a gauge fixed bosonization
formula for the commuting ghosts leads to the construction of PCO and the picture number
operator (as will be defined later in Sec. 4.6). We show that the anomaly of the ghost
number and of the picture number is saturated by the measure constructed in Sec. 5.
There, we finally give the prescription for multiloop computations with any number of
external states. In Sec. 5.1, we derive the insertions computed in Sec. 5 by coupling the
model to an extended topological gravity on the worldline. There are essentailly two
symmetries that are important: the Virasoro constraint P? ~ 0 and the s-symmetry
constraints Pd ~ 0. We derive both the insertions for composite antighost field B and
for the picture changing operators. In app. A, we collected very few basic ingredients of

Batalin-Vilkovisky formalism used in the text.

2. Actions and BRST Symmetry
2.1. Worldline action and BRST symmetry

We consider the Liouville action (the action of the general form [ Pdg) on the worldline

to which gauge fields are addedE

S = /dr [Pm (:z-m - zm(r>) P (éa - A%))] , (2.1)

3 The action in (2.1) is closely related to the action provided in [F4.43] with the main difference
that, here, it is supersymmetrized in the target space and the conjugate p, is added to the theory.
The latter is an independent degree of freedom. One can also understand the action in (2.1) as a

superparticle moving on a supermanifolds as will be discussed at length in sec. (2.2).
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Here ™ are the bosonic coordinates (we consider D-dimensional target space manifolds
where D = (d,1) and d = 2,3,5,9. In those particular cases we have the Fierz identities
ﬂmn’}’& 67%) = 0 for the Dirac matrices of the corresponding spaces). The coordinates of
the corresponding superspaces are (™, 0%) where the index a runs over a = 1,2 for d = 2
(Majorana-Weyl spinors); o = 1,...,4 for d = 3 (Majorana spinors); o = 1,...,4 for
d = 5 (symplectic-Majorana spinors [Ag]) and finally « = 1,...,16 for d = 9 (Majorana-
Weyl spinors).

The action in (P.]]) is invariant under the following gauge transformations with local

parameters n® and (™

0r™ ="+ (™), 0% =0T, 0" ="+ 5 (n™A) = 5(07),
; (2.2)
5AO¢ :1704, 6Pm :07 5poz = §Pm(7m77)a:
and under rigid super-Poincaré transformations
iQ ire . i3
dex™ =a™ — —(ey™0), 0.0% =€%, 61" =4+—(ey"0) — —(exy™A),
ON* =0, 6Pp =0, 6pa= —|—§Pm(7me)a ,

with constant parameters ™ and €* and a+ 3 = 1. By redefining ["* — I 4+ ai™, we can
set a = 0. The gauge transformations remove any propagating degrees of freedom and,
therefore, this worldline model should describe a topological model in target space whose
physical sector is restricted to the zero modes [H Notice that the non-linear terms in
the gauge transformations (2:3) such as %(ny™6) in §I™ are needed in order that the gauge
symmetry commutes with the super-Poincaré transformations (B.3) by assuming that the
gauge parameters (" and n® are supersymmetric invariant.

The action should also be diffeomorphism invariant; the corresponding transformation
rules are 6z™ = {P™, P™ = 0 and 8™ = L (£P™), but comparison with (27) shows
that these transformation rules are just a special case of the gauge transformations, with
("™ = P™¢. Thus we do not treat diffeomorphisms separately. In addition, the action is
also invariant under a fermionic symmetry (Siegel x symmetry) with 6,0% = 7%’ P™kg and

Opx™ = 6,{90‘7%% (the conjugate momenta p, and P™ transform accordingly). Again,

4 The main difference with the conventional superparticle action S = f dTé (™ — %H’ymé)Q of
ref. [[[7 is that for that model the gauge symmetries are the reparametrizations on the worldline

and the xk-symmetry.



this symmetry is part of the original symmetry when the gauge parameters are n®* =
’yf‘nﬁPmkg. These transformations are easily compensated by changing the gauge fields
A® and [™. It is interesting to note that the reparametrizations and the x symmetry are
a subalgebra of the gauge transformations and they will play a role in the definition of
amplitudes.

To render (1)) explicitly supersymmetric, we introduce the composite fields II"™ =
™+ %(97’”9), do = Po + 2Pn(7™0)q and L™ = [™ + £(6y™A). All of them are super-

symmetric expressions and in terms of them the action reads
S = /dT [Pm (Hm - Lm> —d, (éa - Ao‘ﬂ . (2.4)

By replacing the gauge parameters " and n® by ghost fields ¢™ and A\* (which are

anticommuting and commuting, respectively), we obtain a nilpotent BRST symmetry
sx™=c"+ %(Mme) LSO =Y, SLM =" 40 (My™MA),  sAY =\, (2.5)

sPn =0, sdy=1iPn,(v"N)a, sc"= —%()qm)\), sAY =0.
We notice that the BRST transformations map the fields ™ and 6 into fields and ghosts,
the gauge fields L™ and A® into gauge fields and ghosts and, finally, the composite oper-
ators P,, and d, are mapped into themselves and ghosts.
To gauge-fix the action, we introduce the anti-ghost fields b,, and w, and the BRST-

auxiliary fields p,, and p,, which transform under BRST symmetry as follows
Sbm =—pm, S$Spm =0, swsa=—pa+i(M"bn), Spa="1pm(Y"Na.- (2.6)

Notice that sw, contains a nonlinear term with i(Ay""b,,). We could have written the
simpler transformation laws sw, = p, and sp, = 0 , but in order to have manifest
supersymmetry we have shifted w, as s, = wq + 10, (70)q, and this leads also to the
nonlinear term ip,, (7™ \)q in S pg.

Next, we add a gauge fermion

S =S+ S/dT [bm (Lm _ %Pm) 4 waAa] _
1 | (2.7)
=S+ /dT [pm (Lm - §Pm) — b "+ pa AY + wa)\o‘} .
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Eliminating the auxiliary fields p,, and p, and the gauge fields L™, A* by their algebraic

equations of motion, we arrive at the final action and the final BRST charge

1 . .
= / dr [PoTl™ = D PP = 4 — b 4 wad?] (2.8)

Q = X = " P+ 5 bn(M™ ).

Fields transform as s ® = i[Q, ®}, and this reproduces (2.5) and (£.7).

By using the commutators [P™, 2" = —in™", {pa,0°} = —i6.2, {bm,c"} = —id,"
and [wq, \?] = —id,7, it is easy to show that the fields d,, satisfy the algebra {d,,dg} =
—Pm45 and the BRST charge @ is nilpotent. We take P,,, \*, 0% and b,, hermitian, and
do and ¢™ antihermitian; then ) is antihermitian. Both the action and the BRST charge
are invariant under supersymmetry.E The action resembles very closely the superparticle
quantized with pure spinors [B3](see also [B]), apart from the presence of the anticom-
muting ghosts and the fact that the spinors A are unconstrained The main difference
between the present model and the D = (9,1) superstring is that in the latter case the
constraints )\a'ygnﬁ)\ﬁ = 0 can be solved, thereby reducing the number of independent ghost
fields. In lower dimensions , such as in 3,4, and 6 dimensions, there is no solution besides
the trivial one (for Majorana spinors). However, in the present context, the fact that there
is no solution to the constraint means that there are no physical degrees of freedom. Thus,
we obtain a purely topological model.

As in topological strings, the Virasoro constraints P? = 0 are not present in the BRST
charge and correspondingly also the ghost and the antighosts of the reparametrization
invariance are absent. Thus it is difficult to establish the correct measure for different

worldlines. But in the present context the relation

P? = {Q, b P™} (2.9)

® Note that the bosonic sector of the action (2.§), which contains ™ and the corresponding
ghosts ¢™ and b™, resembles the conventional quantized bosonic point-particle whose free action
is given S’ = f dr [Pmim — %PZ — b¢|. The main difference is that the ghost b and ¢ are scalar

fields with respect to target-space Lorentz transformations.
6 In [{], the introduction of new ghosts classified by different grading numbers has led to a
similar BRST charge and, in order to single out the physical states, one has to consider the

restricted functional space with non-negative grading.
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is valid. We therefore introduce the composite field B = b,,, P, which plays the role of the
antighost in the usual reparametrization invariant theory for the particle. Moreover, we can
also use the reparametrizations generated by P? ~ 0 to set two coordinates of ™ to zero by
choosing a light-cone gauge. However, this choice would break the manifest supersymmetry.
To avoid this we must invoke another symmetry to remove consistently two fermionic
dof’s. This can be done by another gauge symmetry generated by Pd ~ 0 which forms a
subalgebra together with P2. Its BRST transformation {Q, Pd} = A*P? does not VabnishliI
and therefore Pd ~ 0 cannot be put on the same ground as P2. Nevertheless, we can
modify Pd ~ 0 by adding A*b,, P to render it BRST close and, in addition, BRST exact.
We postpone the discussion on the implications at the end of Sec. 5.

Although it is very convenient to work with supersymmetric quantities, we have to

point out that there is a unitary transformation which suitably simplifies the BRST charge
Q/ — e—%)\a,y;“ﬁeﬁmee%)\a,Y;”ﬁeﬁbm — )\ozpa . Cum ) (210)

The new charge is still nilpotent, but it is not supersymmetric. The form of the BRST
symmetry in (B.I() may be convenient for other purposes, but we use @ given in (@)E

2.2. Worldsheet actions and BRST symmetry

In the previous section, we analysed a simple model of a superparticle. In the present
section we point out that this model can indeed be interpreted as the reduction of a topo-
logical string on a supermanifold. Here, we simply sketch the construction of topological
strings on supermanifold. We do not pursue this analysis in the present paper and it
will be interesting to see all these ideas been completely developed for A/B models, such
the construction of A, algebra [Ag], open/closed interactions [£9,50,61,62,53,54] and the
analysis of boundary conditions. We postpone these issues to a future publication [B5].

The model consists of maps ® : ¥ — X™" from a two-dimensional surface ¥ to

a Riemannian supermanifold X™™ of bosonic dimension m and fermionic dimension n,

7 1In pure spinor string theory, there is no negative ghost number operator; due to the gauge
invariance generated by the pure spinor constraints, w, appear only in gauge invariant combina-
tions wy™" A and w, A, which have ghost number zero. In that case there is an operator 6% such
that {Q,b%} = P?\*, which has been used in [iJ] to define the amplitudes on genus g Riemann
surfaces.

8 We acknowledge W. Siegel for a discussion on the relation between the present formalism
and the “Big Picture” formalism [J].



equipped with a supermetric g. If we pick local coordinates z,z on ¥ and !, 0 (where
I=1,....mand « = 1,...,n) on X™I" then ® can be described locally via functions
(z1(2,2),0%2, 2)). Let us introduce the fields (¥1,¢%), a section of K1/2 @ ®*(TX™I")
(where TX mIn is the complexified tangent bundle of X" and K'/2 is the spin bundle
over ¥). In the same way, we introduce (¢! ,q®), a section of K'/? @ ®*(TX™"). The

action is
1 1
S = 2t/d22<§gfjﬁzxjazx‘] + 100,21 0:0% + igagaﬁo‘@g@ﬁ-l-
1 1 o L o
+59r0 Dot + S 9100 D2q® + 5 90pg® D-g”
z ID_ J E ID_ fe 1 an. B8
+2gIJ¢-|— z¢+ + 2gla¢+ 244 + 29a6q-|- zq4
+ curvature terms. (2.11)
The supermetric ¢ = (g(r.7), 9(1a)» 9jap)) has been decomposed along the bosonic and

fermionic components. The super-Riemann tensor R is also decomposed into several com-
ponents. The structure of the first line recalls the structure of superstrings in Ramond-
Ramond background [[1,68,07,68F9,60] where the components of the metric g along the
fermionic components gr, are proportional to the gravitinos and g,z are proportional the
the inverse of the RR field strenghts. To see this, it convenient to decompose the coordi-
nates into (z°, ¢, zt, 6%) and introduce new fields p, and p;. Then, the first line of (B-11)

can be rewritten as follows
4550, 0507 + pa020° + p50.0° + (pa — 9u30:77) 9" (v — 9i507°) - (2.12)

The last term has the same structure of pure spinor string theory on AdSs x S° constructed
in [[q]. Notice that there are additional terms coming from the curved manifold that
contributes to the curvature terms in (.11]). This analogy with AdS space might be useful
to gain some new results in amplitude computations on a curved manifolds for superstrings.
As in the bosonic case, we expect the model (R.13) to be conformally invariant if the target
space is a super-Calabi-Yau manifold. This condition is apparently weaker than super-Ricci
flatness, as has been recently remarked in [61]].

We specialize now the previous formulae to the case of a complex super-3 fold C3I4.
The fermionic directions are parametrized by a symplectic Majorana spinor. By a suitable
choice of the background (choice of D-branes and fluxes) it should be possible to reduce

further the number of target space fermions to a single Majorana spinor of 3d and the
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superspace becomes R®2. Most likely the mechanism for the reduction would involve
choosing a Lagrangian submanifold of X. Then the action for the zero modes should
reduce to (B.§). We do not derive this fact here but will work with this assumption in
mind. Since we can give consistent rules for the amplitudes (sec. 5), we can a posteriori
justify this assumption, but clearly a deeper investigation is needed [B3].

As is well-known, when the target space is a Kéahler manifold the action (R.I) has
N = 2 worldsheet supersymmetry. The fermions can be twisted using the fermion number
current U(1), and for the topological A model, one ends up with the sections x?, X%, A% and
A% and with the 1-forms %, 2, w® and w?. As part of the twisted N=2 supersymmetry

we can derive the BRST transformations
b = i( A, Ox = AT (2.13)

50% =N, S\ =0,
5@@:—83: + Ny abw —z( JI” ¢m+/\“ djm—i-xjfzbw —i-/\“ E),
Sw :—aea—z( ITE M 4+ T2, 07 + I Thul + AT hw )

They are nilpotent only on the equations of motion of the ghost fields. Using these BRST

transformations, one can rewrite the action in the following form
S = 2t/ d?z{Q,V} + / z*(K) (2.14)
b b
and the last term is the pull-back of the Kéhler 2-form
K = g;da'da’ + g,5d0°d6° (2.15)

and the off-diagonal terms are removed by a #-dependent diffeomorphism on the manifold.

Even though we are mostly concerned in this paper with the point-particle limit, it is
still useful to have the complete theory at hand. Indeed, as we will see in section 5, the
rules for calculating the amplitudes cannot be completely justified without appealing to
the conformal field theory formalism.

Recently, the relation between WZW model based on a supergroup and twistor spaces
have been explored [fZ]. It is worth pointing out that the pure spinor formulation can
be seen to emerge from a WZW model based on supergroup [f3,64] and the computation
rules can be established on the basis of [5].
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3. The D =(2,1), N =1 Chern-Simons model

Now we go back to the worldline model. In this section we compute the vertex
operators, both integrated and unintegrated, and the zero momentum cohomology needed

to construct the tree level measure.

3.1. Vertex operators

To show that the formalism constructed in the previous section describes a super-
Chern-Simons theory, we compute the BRST cohomology: {Q,U®M} = 0 with U1 =
(@, ©2]. The fields of the field theory, namely the gauge field a,, and the gaugino ¢*, are
identified with the BRST cohomology classes at ghost number 1.

Applying the BRST charge to the most general superfield with ghost number one

expressed in terms of a maximal set of commuting coordinates
UL = \A,(z,0) — ¢ Ap(z,0) (3.1)
we have the following field equations

{Q, UM} = —%(AymA)Am — " A + N DB A, — ¢ NPO,, Ag + NN DL A =0,
(3.2)
where D, = 0, + %(va)aﬁm, which imply

Fozﬁ = D(ozAB) - %PYZIBAWL =0, Fom = DaAm - amAa =0, Frn = 0, (33)

where Fj,,) = %(8mAn — OnpAy).  The last equation is a consequence of the first
two equations by exploiting the Bianchi identities [V, {Va,Vs} + {Va: Vs, Vinl} —
{Vs,[Vm,Val} =0 where Vo, = D, + A, and V,,, = 9y, + A,,,. Equations (B.3) are in-
variant under 60U = [Q, Q)] or, in terms of the components A, A,, of the connections,
6Aq0 = Do and 6A4,, = 9,00,

From now on we consider the case of 3-dimensional target space: x = ™ with m =
0,1,2. Then, %07 = —%EQB(OO‘OQ) where ¢ = 0%¢s,,. Decomposing the superfields A,

and A,, in the following way,
Am = am + Qﬁémﬂ + (9a9a>£m 5 Aa = Xa + eﬁf(aﬁ + Qﬁeﬁd]a . (34>

and eliminating the auxiliary fields émg, Ems Xa» Xap by using the field equations and the

algebraic gauge transformations, one finds the equations of motion 0™a,, — d,a,, = 0 and
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1® = 0. These coincide with the equation of motion for super-Chern-Simons theory. After
removing the auxiliary fields, the supersymmetry is realized by the usual transformation
laws dca,, = (ey™1)) and Jp® = %an('ym"e)o‘.

Another important element is the integrated vertex operator with integrand V. This
satisfies the equation {Q, V(1) = UM and it is defined up to the gauge transformations
V@ = QO where QO is the superfield of the gauge transformations. For on-shell fields
6> =0,P,, =0,... the vertex V has the generic form

VO =™ A+ daW® + wo N FYG 4 b F7 4 wa ™ F5, + by AFly . (3.5)

However, imposing {Q, V(®} = UM and using the equations of motion (B:3)(which implies

that all the curvatures vanish), the vertex reduces to
V=i"A,,. (3.6)

This coincides exactly with the usual vertex operator in the case of bosonic Chern-Simons

in D=(2,1). One can finally define the Wilson loop by setting

W(y) = tr(Pefv dm?nAm)

) (3.7)
where v is a curve in the target space. P denotes the path ordering and the trace is
then needed for non-abelian gauge-invariance. Notice that dealing with non-abelian gauge
group, the superderivatives in (B.3) and (B.3) should be replaced by covariant superderiva-
tives. In the following section the complete non-abelian action will be discussed. Fur-
thermore, {Q,W(v)} = 0, and it cannot be written as a BRST exact quantities. As
is well-known no local gauge invariant observable can be constructed for Chern-Simons
theory. Because A,, is a superfield, W (+) has an expansion in terms of zero modes <.
In order to study the target space field theory, it is useful to compute also the
cohomologies at ghost number 0,2,3 and higher. It is easy to see that the equation
{Q,U®} = 0 for a ghost number zero superfield U(®) implies that it is a constant. Usu-
ally the cohomology at ghost number 2 doubles the cohomology at ghost number 1 if the
momentum does not vanish (see for example [IZ]). The most general superfield at ghost
number 2 is given by U?) = )\O‘/\BAZB + A\ AL,, + M AY,, and clearly the number
of antifields exceeds the number of corresponding superfields A, and A,,. Therefore, we
expect that the equations of motion will show that some of the antifields of A% Pr Ar ., and

Ay ., are redundant and can be expressed in terms of the others.
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From BRST invariance {Q,U®} = 0, we obtain the following equations
D(a By T §7<aﬁ =00 DaAby = SVas Al + O Al =
We can decompose the superﬁelds A( ) A, and A}

mn

(3.8)
nr]

into irreducible representation of
the super-Poincaré group: Aa = YapBm: AZ = YmasB* *8 + BY | where B, is -
traceless and A}, = €mn-B*". From the equations of motion, one obtains that B, = and
B*" are algebraically related to one vector B}, and one spinor superfield B*?. Those two
superfields are the antifields for A,, and A,. The gauge transformations which leave the
equations of motion of the antifields A* invariant should be the equations of motion of the
superfield A. This is indeed the case since U = QQM) with Q) = x\*C, — ™ C,, yields
6A(aﬁ) DCgy — 27&"’50m, 0AY,, = D,Cp, — 0 Co
(3.9)
6A[mn] = —(aan — 0nChn) s
where C,,, and C\, are two arbitrary superfields.

For what concerns the ghost-number three BRST cohomology, we point out that the
only solution is a constant scalar field for non-zero momentum cohomology. One expects
that there is no cohomology at ghost number beyond three. The easiest way to show
this is to first determine the zero-momentum cohomology because the latter contains the
case k™ £ 0 as a special case, while it is easier to compute. So we now turn to the

zero-momentum cohomology.

3.2. Zero momentum cohomology and tree level measure

We denote here with W the string field without any restriction on the ghost number.
Direct evaluation of {Q, ¥V} = 0 with Q = \“0,, + %bmAva shows that the most general
solution for the cohomology at zero momentum is given by

U =cU+an,UD™ +0*mU2 4 UG

v =1,

gwm = Lyaqmgs _cm,
9 B (3.10)
U2 = ey (1/\7”9 M0 —ixy"0c" + " CT) )

UB = e, (gmme MO — 3idy™0c "+ " e cr) .

9 For example, at ghost number one the equations to solve are d4Am = 0 and OaApy —

%’yZY”BAm = 0, which yield UD = \*A, — " A = \* (%’y&”ﬁameﬁ) — c"a,, with constant a,,.
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To show that Q annihilates U®) we used the identity §*60° = —%eaﬁ%, and [y, "] =
2i€™""~,.. The only remaining degree of freedom is the gauge vector a,,, which cannot be
removed at zero momentum by a gauge transformation 6V = {@Q,2}. On the contrary,
the gaugino can be removed by a gauge transformation at zero momentum. The constant
fields ¢ and ¢* are the ghost and its antifield, and they are gauge invariant.

The path integral measure can be decomposed into two factors du = duodp, where
dpg is the measure on zero modes and dji is the measure on non-zero modes. The latter
is chosen as usual in the conventional way, the free measure weighted with classical action
evalutated on non-zero modes. (In conformal field theory this part of the measure is
obtained by performing all the possible OPE’s among the insertion of vertex operators).

Since the action for the zero modes vanishes we should choose a different path to define it.

The path integral measure for zero modes is defined in the following way
/ dpuU® =1 (3.11)

where U®) is an element of the cohomology H?>(Q). This follows the usual requirement that
the integral measure is the Poincaré dual to the top form here represented by the highest
non-vanishing element of the BRST cohomology. The main property of this measure is
[ duoQA = 0 for any A% The total ghost number of dug is —3. In the following sections,
we will show that this number is associated to the anomalies of U(1) currents.

According to this definition, it is easy to see that

(OB = /d,uoU(O)U(?’) = constant , UMy )y = /d,uoU(l)U(z) = constant .
(3.12)
The cohomology U? in (B.I0) is composed by three independent monomials and we have

to establish the integration rules for each of them. Thus we need
<Cm/\oz)\ﬁ> — Empq')/ga/’ygﬁlaa’aﬁ’ ,
<cmcn>\a> = emnq,ygalga/ , (313)
(") =wemn" .

where v and w are arbitrary constants. The path integral measure associated with the

correlators (B.13) is given by

(F(x,0,\,¢)) = /duOF(x,H,)\, c),

(3.14)
dpio = (€7, 5 00 Drs — w0 ¢03) + w02 )92 (N) d*w A0 d* A dPe
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where 0y are derivatives which act on the delta function 62(\). The presence of delta
functions is due to bosonic ghost fields and we have to reabsorb their zero modes to
have a non-vanishing and non-divergent contribution. In sec. 4, it is illustrated how this
measure is related to the usual bosonic measure of Chern-Simons theory ¢®. To fix the
free parameter v and w, we adopt the following strategy: we check which term provides a
supersymmetric amplitude and we check the gauge invariance.

> Supersymmetry.

Notice that the last term of the functional measure gives the bosonic Chern-Simons
action which is not supersymmetric. In fact, as is clear from (B.14) the last term does not
provide a supersymmetric measure. The function F'(x, 0, A, ¢) is a polynomial combination
of superfields and transforms as 6. F(x,0, )\, c) = €*D,F(x,0, A, ¢) under supersymmetry.

Integrating by parts, one has
(6 F(x,0,)\,¢)) = € /d% d*0d*\d>c (Dapo) F(z,0,\,¢)=0. (3.15)

where dpg = pod3z d?0 d?X d3c. Since (Dqpg) # 0, we set u = w = 0.
> Gauge invariance.
Another essential property for the measure is gauge invariance. Namely, the inte-
gration of a BRST trivial vertex should vanish: ({Q,Q}) = [duo{Q,Q} = 0. In fact,
inserting the vertex Q()\O‘)\BQ(am + A Qam + " Qppnyy) and selecting only terms of

the form A*M\?¢™ because u = w = 0,

(= XN Q0 + AN D+ AN P Q) = (3.16)

= /d3xd297”°‘5 <8nQ(aﬁ) + DgQayn + ’72%9[”171]) =0.

The first term vanishes because it is a total derivative, the second because it is a total

mn

spinorial derivative and the last one because tr(y"y™) = 2n™" and Q[,, is antisymmet-

1ric.E This is not unexpected since, as will be shown in sec. 4, the delta functions apper
in the PCO which are BRST closed.

10" The measure (B:14) can be rewritten in the following form
(F) = /d3xd20d2)\d30/d2w6a5(¢w)°‘(¢w)5ew“’\aF (3.17)

where we introduced the integral representation for the delta function. The last line in the above
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3.3. The action

It is convenient to use a Witten-like string field theory to derive the action. Moreover,
this derivation leads to a BV action which contains the classical action plus all the fields
and antifields needed to implement the symmetries of the model. For that we need a

supersymmetric BV measure wpy (see app. A for further details) which reads
wey = (U, W) = / & / 20 meP (5Afaﬁ)5Am +0A%, 0Ag +0Cs 5, 50) . (3.19)

The BV action for the fields and antifields which appear in the most general string
field

U =C+NAg+ ™Ay + NN AL + N AL, + AT

[mn]

FXNNCl, + AN Tl gy + A Clpy + €7 Clpy -

almn

(3.20)

should couple the fields A, and A, to the corresponding antifields A7, 5, A7, and A7, . and
the ghost C' to the corresponding antifields C7 4., C o and CF

M wpms Comn - (From the zero

momentum cohomology, we know that there is only one non-vanishing state corresponding
to a scalar superfield C* = 'ymo‘fBC(*aﬁ)m.)
The string action S, which satisfies the master equation, is obtained from

1

5=5

(W, QW) + %w, Ty (3.21)

where @ is the BRST charge given (£.8) and the generic state is described in (B.2(). Again
the product in the interaction term is given by (U1 WoWs) = [ u(A, ¢, 0)tr (¥ ¥ W3). This
vanishes in the abelian case. In the non-abelian case, the string field ¥ carries an index in
the adjoint representation of the gauge group and tr (¥ UoW3) = f,;, V¢ WS WS, The inner
product by given by

(0, 02) = [ c,6) (0102) (3:22)

where the product (V;Ws) is the usual superspace product of superfields. Notice that

in the non-abelian case, the superfield product should include the trace over the internal

equation can again be written as an exponent by introducing a new fermionic zero mode p,
afB m «a
(F) = /d3xd3cd29 d2pd* X d*w ePorm W T Fwa AT b (3.18)

A similar analysis has been pursued in [f3] where we first point out the necessity of delta functions

in the path integral of A“.
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gauge group: tr(V;Wz). The fields C4.,...,C
C.

In string field theory the master equation is defined by (S, S) = [ u%%. Substitu-
tion of S in (B:2I)) yields [ u(Q¥ + ¥?)(QW¥ + ¥?). This vanishes because [puQUQV¥ =
[Q(YQY) =0, while [p(QV)¥? =1 [ Q(¥?), and finally U* = 0 because V¥ is anticom-

muting. Subsitution of the measure yields the more familiar result:

{Svs}BV :/d?)x/dze’ymaB( 6ZS 6TS + alS 6TS + 6ZS 3r3> —0.

OAT 5 OAy, DAL, DA;  OCT,,  OC

are the antighost fields for the ghost

]

(3.23)
Inserting the expression of ¥ and of the BRST charge, from (B.2]]) using the measure

p given in (B.15) one obtains the supersymmetric invariant action

S = / iz / 207" Ptr X s

(3.24)
1 1
XMNR = §A[MDNAR} + gA[MANAR} + AtynDryC + Clyn gy C°

where the index M refers to both the vector index m and the spinorial index «, and
Dy = {0m, Do} To check that (B:24) reproduces exactly the Chern-Simons action, we
can compute the kinetic terms, neglecting both the contributions coming from the non-

abelian terms and from the antifields. The form of the action has also been described in
B4].

Assuming the decomposition
Apy = am + 065 + (0%€ap0%)e, Ao = Xa + 0%%ap + 0200 . (3.25)

we have for the first term in (@)ﬂ

<cm)\a)\5 <_%736AmAn + ApDgAy — AgDgA,, + AaﬁmAﬁ) > -

/dgaj e [ - 2€pqn (Eman +&nam) — (ém Yo V" Vg én) - 4€mtr(’7qf(’7p)

R . - 3.26
- 2amtr(7q6pX> + amtr(asX 7p787q) - 2(§m7q6pX> ( )
+ 4(Em 1Y) + EmVp Y V405X) — 4(¥VYqYp0mX)
— (g X) O tr(1pX) + tr(XVpOmXVq) | -
1 We use the conventions: tr(y" ") = =2, € Pepgr = 6408 — 0708, € Pemng = 2! 0%

and €""Pennp = 3l As always, one has tr(y™) =0, (7" )as = Yasn"" —Yasn" +vasn"" +
€™""eqap. The tensor e,p is normalized as €12 = 1. Notice that 00" = —%GQBOQ.
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The action is invariant under the gauge transformations

0 = A5 A0 + c™6A, = Q (Q+ 0%w, + 0%1) |

1
5on = Wqy , 6)2046 = i’y;nﬁamg —+ 26046777
) (3.27)
&(poz = _ngnﬁeﬁvamwv ’ 5am = amQ7
(5§m5 = 8mw5 s (Sfm = OmT.

Moreover, since the gauge transformations of x, and of the scalar part of x5 = %v%xm +
€apX, namely X, are pure shifts one can remove these fields from the action by setting them

to zero. Hence, one gets

S = /dgx emPe [ - 2€pqn (Eman + &nam) — (ém Yo Y™ Y én) — 4 &mtr(YgXTp)

- 2amtr(’)’q6p>€> + amtr(asf( 7p757q> + 4($m7p7q¢) (3.28)

— tr (¢ X) Om tr(1pX) + tr(XVpOm X Vq)

Eliminating the auxiliary fields &, and émg, one finds the super-Chern-Simons action

S = —6/d3x(empqam8paq + 3¢2> . (3.29)

This proves the fact that the measure chosen in the present derivation is supersymmetric

and gauge invariant.

4. Supergeometry, Picture Changing Operators and BRST Cohomology

The discussion in the previous section concerning the construction of a measure for
the zero-modes integrals can be better understood when considered in the broader context
of the theory of differential forms and integration on supermanifolds. This framework
permits a clear discussion about PCO and supergeometry for topological theories with
supermanifolds as target space. This subject has a vast literature and we can direct the
reader to the book [[@] for a summary of results. In order to discuss our application,
we discuss the integration on supermanifolds by means of pseudoforms and the Baranov-
Schwarz transformations, then we construct the superforms for our topological model, we
derive the Cartan calculus on the superforms, and finally we construct the PCO. This
technique could be applied to the RNS superstrings, where the superforms are represented
by distributions of the superghosts associated with the worldsheet local supersymmetry,

and part of the analysis was performed in [27].
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4.1. Integration on Supermanifolds: Pseudoforms and Densities

One of the main problem in the superform differential analysis is the construction of a
consistent theory of integration. This has been deeply analized by Schwarz, Voronov and
collaborators (for a more extensive discussion see [B{] ), where the construction of singular
superforms and their relation with the usual integration on manifold have been worked
out. Here we consider some aspects of their formulation. We will not dwell on the issue
of the precise definition of a supermanifold, which can be found in several places (a good
general reference is [[L6]).

As soon as the problem was posed, it became clear that the theory cannot be developed
very far without departing from the analogy with the usual theory for bosonic manifolds.
In particular, the main problem is that the straightforward generalization of a differential
form does not have the right properties for integration on submanifolds. Several different
solutions have been proposed, using various generalizations of differential forms.

The easiest ones to describe and work with are the pseudodifferential forms (or sim-
ply pseudoforms) of Bernstein-Leites [[J] . Given a supermanifold X!V (the exponent
denotes as usual the bosonic/fermionic dimension), a pseudoform is a distribution on the
cotangent space T*X. In practice then it is a generalized function w(z,dz) of the coor-
dinates (z4) = (2™, 0%) and their differentials (dz™,df"). It can be integrated on T*X
if it decreases sufficiently fast at infinity in the bosonic directions along the fibres. On
the other hand the integration along a submanifold cannot always be defined, because in
general it would involve a product of distributions (or said differently: unlike a function,
a distribution cannot always be restricted to a subspace). Nevertheless, since they are
easier to manipulate, we will work mainly with the complex of pseudoforms, denoted by
Q(X)=>m Q™" (X) (where the range of the summation will be clarified later), after
establishing their relation with two other types of objects, called densities [B]] .

The densities are constructed to be integrated over submanifolds, and so they come
with a (bi)grading corresponding to the superdimension of the submanifold. We define
the m|n-densities D™ (X) to be functions A(vy,...Vm,wy,...w,) of m even and n odd
vector fields. At each point of X, the arguments of A span an m|n dimensional subspace
of the tangent space TX. Writing a matrix R having the vectors (v;, w;) as columns, this

subspace is just the image of R, seen as a linear map

R:R™" 517X,
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So, without any ambiguity, we write the density A as A(R). Under a linear change of
basis L € GL(m/|n), a density should transform as A(RL) = A(R) Ber L, where Ber is the

berezinian of a supermatrix defined as follows

Det(Ly — LzLy;'Ly)
DetL4

Ber(L) =

where L; are the four blocks of a supermatrix. Recalling the properties of the Berezinian
one can see that densities are homogeneous of degree -1 in the odd vectors, and therefore
will necessarily be singular if the odd vectors are not linearly independent (i.e. if R does not
have maximal rank in the fermionic subspace). Given a submanifold Y C X of dimension
m|n, in terms of a parametrization 24 = f4(¢*) where the index K runs over bosonic and

fermonic indices, it is possible to define the integral over Y of a density:

[ acra(s0.55%).

This is well-defined thanks to the transformation properties of A. Notice that a density
of degree equal to the dimension of the manifold is the same as a volume form on the
manifold. In the notations we are using, this is defined by A(R) = Ber R. Of course, other
volume forms can be obtained by multiplication with a function f(z), and the integral over
the whole space will be non-vanishing only when f = g(x)8*...0". Then it is natural to
single this one out as a preferred volume form volx.

There are also D-densities D™!™, defined as functions of M — m|N — n cotangent
vectors, or of an operator

S:TX — RM—mIN-n

Such an operator has an m|n-dimensional kernel which has to be thought of as the tangent
space of a submanifold. If we require the transformation property B(T'S) = B(S)BerT,
for T'e GL(M — m|N — n), then the following integral is well defined:

Thus D-densities can be integrated over a submanifold defined in terms of equations
{0K(2)=0,K =1,...m|n}.
Clearly the concepts of densities and D-densities are equivalent, and there is a canon-

ical isomorphism D™ ~ DM=mIN=n giyen by B(z,S) = A(z,ST). However, we can do
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more if X as a metric: we can define an Hodge duality. First of all, note that if R, S
have maximal rank, we can assume, after a change of basis, that they are isometries on
the image and kernel respectively. Then is sufficient to define a density on such isometries
and extend it to a general operator using the covariance properties. Given R, there is an
orthogonal decomposition TX =V @ W, with V = Im R. Then W ~ RM-"IN-" and
one defines S as the orthogonal projection over W. Then setting B(S) = A(R), we define
a 1-1 correspondence D" ~ D" Combining this with the natural isomorphism given

above, we see that
Dm|n ~ rDM—m|N—n

This is what we expect from Hodge duality. We need however one more step: the classical

formula which defines Hodge dual in the bosonic case is

a8 = (a, ) volx .

We would like this to hold with the preferred choice of the volume form that has non-
vanishing integral. This uniquely defines the * operation in our case.
The relation between densities and pseudoforms on a supermanifold X is expressed

by the Baranov-Schwarz transformation. It is given as a collection of maps
Amin . — pmin (4.1)

W, deM) e I (24, daA) = A(z, R) = / D) w(z4, dtF R .
RmIn

To avoid confusion, we notice that here D(dt) denotes Berezin integration over the vari-
able dt. A pseudoform does not have a grading in principle. But if its image under the
transformation is zero except for one ™™ then it can be said to be homogeneous of degree
m|n. We can then formulate Hodge duality for homogeneous pseudoforms. To see how this
works explicitly, we consider the simplest possible case, namely X = R, with coordinate

(2,0). A vector on TX ~ X will be written as v = (v!,v!). Take the pseudoform w = dz.

Its transform in D', a function of one even vector, is given by:
Aw) = [M10] () = / D(dt) dt v = o' |

We find now the dual form in D', a function of an odd vector w = (w',w!) with w

anticommuting and w' commuting:

A(@:A("‘“i):%A(wl{wi)zifg(w_f 1):iiA< 11):i. (4.2)

)
wl  “wl
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In the first equality we used the linearity of the A. Then we use the properties of the BS
transformations. It is easy to see that this is the Baranov-Schwarz transform of §(df) (in
fact [\10w](v) = [ D(dt)d(wldt) = [ D(w'dt)s(w'dt) /' = 25.)

wl”

If we start instead with w = df,
A(v) = M) = / D(dt) dtv! = vl

The computation of the dual form is the same as in (.2) , except at the last step when A

now picks up the fermionic component of the argument, so

This is the BS-transform of w = dzd’(df), in fact

20l () = / D(dt)w" dt &' (w'dt) = —2— . (4.3)
(w')?
In conclusion, we find the action of * in R!I* to be
*(dx) = 046(dO)
(4.4)

«(df) = dz 06’ (d6) .

Applying again the BS transform, it is easy to show that *? = 1.

We come now to the case of interest to us, X = R312. We will compute the dual of the
forms that appear in the measure (B.I14) . We use now notations compatible with those of
the previous section, which amounts to making the identifications dz™ — ™, df* — \*.
Let us start with the last term, w = #26%(\) and we consider a vector of T32X denoted

by (w™,w®). Its BS transform in D°? is A(w®) = det_l(wg). The dual form A € D310 is

Aw™ = A (gg) — det(v™) A (w (Ul_l)n ) — det(v™)A(wg) = det(v™),  (4.5)

(0% « m

where w, are odd vectors with w§ = dfF, and wy, = v~ Then A(ws) = 1

from which the last equality follows. Clearly A is the BS transform of the pseudoform
EmmpCc"cP. The other terms are less easy. We will explicitly compute only the first one,

_ 0 0 £2 . 0|2 :
W = Ennr ™"y 202 58562(N). Tts transform in D 12 is

A(wa) = det ™ (W) emmrw (w™ )2y (w™) Guw? .
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In computing the dual, we have the same relation as before between v,,, and w,, and using

the last expression in ([L.5) we get

A(vn) = det(v])emmp (0™ (07 50aA PP = 0" Pufersivy, (4.6)
Noting that the expression is linear in the bosonic part and bilinear in the fermionic part of
Um, We can conclude that this is the BS transform of a pseudoform which is schematically
cAA. A careful computation shows that «w = €™ (07" X) (07" N).

We can now understand the origin of the measure (B.I4) : its terms are precisely the
duals of the terms generated from wg = €y,,,¢"¢"¢P, by the unitary transformation (E.10),
which acts on the fields as follows:

Pa = Pa + %bm('ym/\>oz
G = Cm + %(Mme) : (4.7)
. i

a — a__bm mga

In the next section we study in detail the complex of pseudoforms and its cohomology, and

we will show that wq is the unique element of the cohomology of @’ in degree 3|0.

4.2. Superforms

We have learnt that we can use the BS transform of superforms to define a meaningful
integration on supermanifold. So, in the following we will consider only the pseudoforms
and we describe them. Afterwards we discuss the BRST complexes of these forms and we
show how the PCO operators play a role in the present framework.

In the case of the superspace R??2 | the complex of superforms contains the following
spaces:

Qo+, for >0,
Qlt£0, for reZz, (4.8)
QTD#O, for r <3,

and the spaces are empty for other values of r|s. Here s counts the number of delta
functions in the pseudoform. Again, instead of using the superform notation dx™ and df<,
we replace them with the ghosts ¢™ and A* which have the same statistics.

In order to write covariant expressions involving §(\), we have two possibilities: §2()\)

and §(v,A®) where v, is a spinor. In general, v,, is not constant and to define an expression
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with a single delta function, we have to choose a direction in the spinorial space (represented
by the real spinor v,, ), but we should cover the complete space. So, we introduce two of such

spinors fug) where 7 = 1, 2 labels the elements of a basis of the vector space and we define

the two delta functions as 5(véi))\5 ). In addition, the basis is orthonormal vﬁf)e“svf;i) =
€. This reduces the number of indipendent real components of fug) to three and they
belong to SL(2,R). We want to reduce further the number of independent components
to two, therefore we factorize the compact subgroup U(1). We assume therefore that the
coordinates vg) belong to the space SL(2,R)/U(1) which is not compact. They essentially
form a set of harmonic coordinates and therefore in order to render the computation
covariant at the end we integrated over the coset 3 One interesting choice is vg)(P) =
yie,;P™ /v P? which has det(vg)) = 1 and where we factorize the SO(2) rotation in the
z — y plane. The vectors v(9) can be viewed as gauge fixing parameters needed to fix the
zero mode gauge (the action is clearly invariant under any transformations of the zero

modes) and, by integrating over them, the Lorentz covariance is reestablished [[£3].

Explicitly, the Q710 forms have the structure
Q0 = f(z,0)(c)!(N)™!, 0<1<3, r>0. (4.9)

for they have no delta functions (the vertex operator UM% = \*A, — ¢™A,, discussed in

Sec. 3.2 belongs to this space); for one delta function vertex operators
Q1 = g(z,0)(0) (v - NFSFH(w-N), 0<1<3, k>0, r>0. (4.10)
for the 1-picture forms, where v, is the orthogonal direction to v. Here, we used
SN = 0par .. 0xend(N), n >0, and 5O0W) =50\, (4.11)

The indices of the commuting ghosts A\* in front of the Dirac delta functions and of
argument of the latter are different. For instance, A5 (A\8) = €A 26O (\,) in such a
way that it does not vanish. We also use the rule A*6(™ (\®) = ()6 =Y (\*) where « is

not summed.

12 Be aware that the integration over non-compact coordinates belonging a coset can be done
by the Haar measure, but some behavior at infinity has to be assumed for the space of functions

of the coordinates vg).
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Finally, the two-delta function forms are given by

012 = h(z, )(c)! [52@)} U 0<i<s, r<s. (4.12)

The superscript over the delta function means [ — r derivative of the delta whit the con-
ventions dxad8%(\) = €g, <8>\a6()\f3)>5()ﬂ). The functions f, g and h are superfields. In
the specific example of superforms that we are considering, we take into account only the
sector with A, 0%, 2™, ¢™ as variable and they span the manifold M = R31? @ T*R3I2.

Notice that forms on M have only positive pictures. Later we will enlarge the space
and have negative pictures as well.

Let us discuss the de Rham cohomology in the space of superforms. We consider first
the simplest example of R'', with coordinates (z, #), and differential d = ca% + )\%. The
space is the product of the ordinary real line and the 1-dimensional odd superspace R°I',
and the differential splits in a sum of operators acting independently on the two factors,
so we can compute the cohomology separately in each factor. For R, this is the usual
de Rham cohomology, but we have to pay some attention to the behavior at infinity. If we
work in the complex of forms which decay at infinity, then the cohomolgy is generated by
g {1, ¢6(z)}. We will have to consider also the zero-momentum cohomology, defined in the
complex of z-independent forms. Then the generators are {1, c¢}. In the odd direction, the
forms can have zero or one delta function. Without any delta function, the most general
form is a = (a 4+ b0) A" € Q™0 Tt is closed iff b = 0, whilst the term proportional to
a is exact since A" = d(§ \*~1), so the only cohomology class is 1 € H0. At picture
1, the most general form is o = >~ (an + b,0)6((N) € @,50Q "1 Tt is closed iff
b, = 0, n > 1; moreover 6 (\) = d(éé(”ﬂ)()\). So the only generator is 5(\) € HOI'.

The total cohomology is obtained by tensoring the ones for the two factors, and so it is
H*(RM) = {1, ¢, 85()), c05(N)}. (4.13)

It is interesting to see that H*I° and H*I' are isomorphic spaces. We will see that the
isomorphism can be given explicitly by the picture changing operators. It is now easy to
generalise from R to R312. We can again use a Kiinneth-type argument to see that the

cohomology at the various pictures is given by:
H*'O(R3|2, d) ={1,c™, ™", emnpc P},
HY R d) ={1,c™, ™", eqnpc™ P} @ {v@ - 050 - \)}, (4.14)
H2(R32 d) ={1,c™, ™", eqnpc™ P} @ {6%6%(N\)} .

13 We denote by {...} the span of the elements inside the brackets.
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We are ultimately interested in the cohomology of the complex ([.§) with the differen-
tial given by the BRST operator as in (R.§) . We can observe that at zero momentum the
two differentials coincide, and moreover, as previously noticed, there is a unitary trans-
formation (R.I() that brings the BRST operator into the de Rham one. But it can be
convenient to work out directly the BRST cohomology in order to have manifestly super-
symmetric expressions. For instance, the most general vertex operator at ghost number
+1 has the form

U2 = A%\ + A, Q00 02(N) + P A OPONaDys 02 (N) . (4.15)

pnm

One can check that for A, ~* = A,,,> = 0 and Fy,, = JnAy, = 0, this vertex is in
the BRST cohomology. However, it will be easy to see that vertex can be obtained by
acting on it with suitable differential operators which map the complesses of pseudoforms
transversally. Notice that both Q and d map Q"!* — Q" and neither of them changes
the number of delta functions.

In fact, as will become clear later, to define the integration measure for multiloops, we
have to enlarge the complex (-§) to include forms that do not have a direct geometrical
interpretation as form living in the target space. Once we make the identification of the
differentials with the ghosts of the conformal field theory, we have to take into account
the presence of antighosts. We are then led to consider the full space M @ M where
M is the variety described by the conjugate momenta P,, and p, and the vector fields
we and b, belonging to T,(R3? @ T*R31?). The variables (z™, 6%, ¢™, \*) parametrize
R?? @ T*R32, while (P, dy, bm, W) parametrize the space T, (R3? @ T*R3I2). Vectors

in the latter space can be identified with the differential operators (9., Do, tm, L) With

0 0

a =0 = s =ty b =E0em = —s =1y, , 4.16
W= O = B(dgy ~ " a(dam)y ~ " (4.16)
where v(o) = v(ﬁa)Dg + (5 Om, with v(ﬁa) = 65 and v, = 0, while v(,,,) = fu(ﬁm)Dg + V() On
with v(ﬁm) =0 and v;;, = ¢,,,. Furthermore, we have

o+ by (YN e = [Q,wa} = [d, L%)] — Ly, s (4.17)

ﬁv(a) — Da + ()\7m>abv(m) y

Py = {Q, bm} — {d, Lv(m)} = Lo,

27



L = Op, -

U(m)

The differential operator ¢y, (in the following we denote this operator as ¢ ) is commuting
in contrast to the usual interior multiplication provided by ¢y, (it will be denoted by
tm) which is anticommuting. Therefore, as for the superforms A\, we can consider the
superforms of negative picture of type §%(w) = 6%(1) and in general we can consider
forms like these:

172 = m(z, 0)(0) (b)" [52(w>}l_r_5 (4.18)

For instance, we see that the space Q°9 of forms with vanishing picture will contain also
an element §2(\)62%(w).

4.8. Cartan Calculus and PCO

Given an odd vector field 0 = v*(z,0) Dy + 0™ (x, 0)0p, =: v*(x,0)dy +v"(z,0) Py, 4
where v® and v are, respectively, commuting and anticommuting functions of x, #, A and

¢, we define
tg = 0v%0a + (V™ + vo"y%eﬁ)@cm = 0w, + (V™ + vo"y%Qﬁ)bm ) (4.19)

Ly =[d, 5] = |Q,vw, + (V" + vo"y%Qﬁ)bm ,

where ¢ is a commuting differential operators action on the space of pseudoforms ¥"ls.
For an even vector v, the usual rules apply. The first expression in ([[.19) is evaluated on
functions which depend only on A* and ¢™ and they are independent of their derivatives.
Notice that the operator 15 reduce the form degree and equivalently it reduces the the
ghost number. However, both the operations ) and ¢ do not change the number of the
delta functions. Since @ is anticommuting and ¢ is commuting, we used the commutator
to define the Lie derivative.

The Cartan algebra is respected:

Q2 =0, {Q,L:}=0, {Lsa}= Lo,a}s [to,ta) =0 (4.20)

where @ is another odd vector.

14 Tn the operator-formalism expressions in ¥ and 3, we used the normal ordering in the case

that the component of v* and v depend upon z and 6.
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Indeed L; is an anticommuting differential operator and has the explicit expression
Ly=—:v%d, —v"P,, + [/\O‘Davﬁ + ™ mvﬁ}wg : (4.21)

+: [)\O‘Dav" + "0, v" + )\O‘Davﬁvggm + 2()\77”1))] by .

Since the differential ¢5 is commuting it can be used to define a formal Dirac delta function,
its derivatives and the Heaviside function
d(ep) = / dte'™s 5(”)(L5) = / dtt"et O(tp) = / dt=e™ | (4.22)
—00 — 00 — o0 t
which are well-defined operations on the space of pseudoforms Q!*. The above expressions
can be rewritten in terms of w, and b,, by substituting the interior differentials with the
combination of ghosts and we have
1 .
5(1y) = 6(vawa> +id (Uo‘wa)vmbm - 55" (vo‘wa>vmv"bmbn — %5’” (vo‘wa)vgbg , (4.23)

3

where v3 = €, v™ V™" and b3 = €,,,,,0™b"b". A fundamental property used in the next

sections is

Lﬁd(bf;) =0. (424)

It follows directly by the integral definition (£.22). For an even vector field v we identify
8(ty) = 1, and equation ([£.24) is obvious.

Finally, we can define the Picture Changing Operator as follows
Zy = [Q, @(bﬁ)} = 0(ts) Lo+ 0" (ta)tp2 (4.25)

where
2 = (U’BDBUQ + o™ mvo‘) do + (UBDgUn + o™ mv”) P,, (4.26)
Lyz = (’UBnga + o™ mvo‘) We, + (U’Bng” + o™ mv”) bn , '
The general form of those operators is rather complicate, however one can choose the
most convenient vector v in order to simplify those operators. The amplitudes will not

depend on the choice of the odd vector v since
(Sf)a Z{) = Q, ((Sf)a L@)(S(Lf,) . (427)

Notice that, as opposed to Z3, its variation is a BRST variation of a pseudoform. Therefore,

by inserting the PCO in the amplitudes we are guaranteed that the latter are independent
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of the choice of the gauge parameters v. In the same way, the dependence of the PCO upon
the time (the worldline coordinate) is also a BRST variation of a delta function which is
an element of the space of the pseudoforms. This implies that the PCO are independent
of the position on the worldline.

The odd vector can be field-dependent or field-independent. For example, let us
choose 7 = constant or a ghost-number one combination 9 = B, (7" \)® where By,
is constant, we have

Z, = 00(d 4+ bPyp ) o0 (07 wy ) (4.28)

Zy = Brn A" (d 4+ Py N (Bn Ay w) |
where it can easily be seen that in the second operator, the generator of the Lorentz
transformations N = Ay™™w appears. The gauge parameters B,,, can be chosen in
such a way that the no normal ordering is necessary to define Z;,. These PCO have been

discussed and used in [3] and in [P4].
Acting on the space of superforms on M, the PCO Z;, becomes

Z5, Q) = [6“(D A B )8 (5D )} QFla) _y qvla=1) | (4.29)

The delta function 0(9%0xe) reduces the number of delta functions §(A®) present in the

pseudoform since

(55 )5 (fad®) = /OO dt €177 0x §(fNY) = /OO dtd(fa()\o‘ —i—itvo‘)) S

—00 —00 fozva ‘

where f, is a A-independent parameter. Notice that the operator (9“0« ) is ill-defined

on pseudoforms which carry a different picture (v f, = 0). In that case, we define it to

15 In conformal field theory

5(5 wa (9))3( £ X" () = / dt 77 W) (£,27 (2)) =

0
= o it o (y—2)
dté( O ) — .
/0 Jal (y — 2) ) fav™
So, if QO = i(£,0%)5(foA™), then we have that

<

lim (Z,, (1) () = lim [ (d+ 590,00 )30 wa ()2 ()] = 1.

So, the vertex QO = i(£,0)6(faA), which is BRST invariant, is the inverse picture changing

operator. Notice that the gauge parameters v and f, cancel out.
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vanish. So, effectively the PCO reduce the number of delta functions in the vertex operator
belonging to Q%)

The PCO Z; are designed to reabsorb the zero modes of w, in the path integral
measure. However, the number of zero modes is n x g where n is the Grassmann dimension
of the superspace R("™) and ¢ is the genus of the Riemann surface. Therefore, we need
to stack a corresponding number of PCO. This can be done by choosing a basis of abelian

differential wf* where « =1,...,n and i =1,..., g defined such that

j{ w?‘ = 5¢jv°‘ (430)

where a; is the a-cycle on the Riemann surface and v® is a constant (or depending on the

zero modes 6%, \* and x™). Using this basis, we can finally construct the operator

g n
IT 1] Z.- (4.31)
=1 a;=1

which maps the cohomology H onto the cohomology group a different number of pictures.
Also in the present case we conjecture that the number of zero modes for w, and b,
is equal to number of differential forms on a genus g Riemann surface. However, in the
particle limit the antighost fields loose their conformal weight. We assume however that
the number of zero modes remains invariant. (An analysis of higher loop expansion for
superparticle model was performed in [P5]). The problem to derive this number of zero
modes has to be ascribed to the non-manifold nature of particle graph. Those graphs
are embedded into string theory graph and the conformal weights of the fields play an
important role.

Let us now consider the odd form of QU9 f = f A + f,.¢™ where f, and fp,
are commuting and anticommuting, respectively. These components can also be field
dependent and the total parity of the odd form is 0. We define the exterior product as
usual:

ef: QP 5 Qn+iip) efw = fAw. (4.32)

This operation, together with ¢5 for an odd vector v, satisfies the following Clifford algebra:
epeal =0, eppio] = F@) = fav® + fe (433)

Again, since the operation e j is an even operation, we can define Dirac delta functions

of this operator. In particular we can construct an inverse operation to Z; as follows:
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given an anticommuting superfield f = f(x,6) on the supermanifold, its differential df =
{Q, f} = f € QM9 is an odd differential form and we define the inverse PCO with

Yf = f(:l), 0)(5(6{Q7f}) . (4.34)

It is obvious that Yy is BRST invariant, in fact action with @ on Y}, one has {Q, Yy} =
{Q, f}é(eqq,f}) = 0 because of the property of delta functions. In addition, any change of
the function f is BRST exact

0Yy = dfd(eqq.ry) — Q. 0f}0'(erq. ) = |Q, fofo(erq. )] - (4.35)

It is therefore convenient to choose very simple representation for Y, such as, for example
those related to the choices f = f,0% and with f, = constant or field dependent f, =
wgCP,, (with C? = constant)

Yf1 = faeo‘é(efaka) . (4.36)

_ B8 pa
Yy, = <w50 N )5(6[(d+bmp,\)ﬁoﬁ a9ﬁ+wﬁcf3a,\a])'
In the following, we will just write f instead of e 7 in the delta function since there is no
ambiguity.
Given a set of anticommuting functions f; where ¢ = 1,...,n where n is the odd
dimension of the superspace R™"™ and n is the maximal number of delta functions of a

given vertex, we can define the PCO
Yigy. = [[ fisd@. £i}) (4.37)
i=1

which has the same properties of Yy, but this maps the cohomology H (m‘o)(Q) into

H(™I™)(Q), the cohomology group with the maximal number of delta functions.

4.4. Changing the Number of Delta Functions

To show how the PCO work, we consider several examples. First, we can go back again
to the simplest case of R!I' with the de Rham differential. We observed after (FET3) that
there is a 1-1 correspondence between H*I© and H*I'. We can now exhibit the isomorphism
%, and
the corresponding picture-lowering operator is Z = §(15)L; and acts as 86(\) — 1. The

as a PCO. In this case there is only one constant odd vector field, namely v =
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inverse operation is evidently Y = 04()\), which corresponds to (f.34) with f = 6. The
two operators Z and Yy are in this case inverses on the whole complex Q¥ A different
choice of f would give an equivalent Y, which would in general fail to be an exact inverse
to Z, but would still be an inverse in the cohomology.
We consider the vertex operator U (10) = N> 4, — ¢™A,,, described in sec. 3.1, and we
can act with the PCO
2

Yipoy = [T(FP07)8(£PA%) = 6°6*(A%)
B=1

(where we normalize the function f such that fc(ﬂ) fé‘s)eo‘ﬁ = ¢7%) to have
UM = Y, UMD = 0262 (\) (A" Ao — " Ap) = —c™(4),)0%(N) (4.38)

where A/ = A,,0° = a,,(2)0% Tt is easy to check that U(?) is in the cohomology
H2)(Q) if a,, is a flat connection. Since U % was in the cohomology H9(Q), one can
easily show that the new vertex operator U11?) depends upon the choice of the parameters
fa in the PCO only through BRST exact terms which do not affect the amplitudes. We
can also compute the transformed vertex operator U(!?) as follows

UPR) =Y 0, UG = 0262 (A) (AN A%y — ¢ AP AL sc P ALY L) (4.39)

[mp]

= —c"cP(A7 ]92)52(/\)

[mp

which is again in the cohomology H ().
In the same way, we can consider the vertex operator in the zero momentum coho-
mology UGl?) given in (BI7) and we can construct the vertex U®I?) with 2 delta functions

as follows

U(3‘2) — Y{f(ﬁ)}U(g‘O) — CmcncTemnTQQ(Sz()\) (440)

which is the top form of R(G2) and it can be integrated on this space. Again, the de-
pendence on fo(ﬁ ) is only through BRST exact terms and U®I?) is representative of the
cohomology group H®1?(Q) at zero momentum.

It is also very interesting to use the PCO Z; to lower the number of delta functions

in the vertex operators. For that purpose, we consider the simplest PCO Z; = 9%(d +
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by N)a0(0%w,) where 9% is a constant parameter and we act on the vertex operator
U112) derived above (E35). We have

ZsUMD) = 59(d 4 by ™ A) 0l (5%wa) [cm[lma( FaX®)d( fma)] (4.41)

— 5D + Ay 0o )0 (705, [cmzima( FaX®)d( fL)\O‘)}

= ("0 Dad + (" 0) A )3(f1.0X)

where we choose to decompose the product §%(\) along two orthogonal spinors F! =
(fa, f1L.a) such that eO"BFOiFg = €. In addition, we also choose 7*f, = 1 which is not
essential and will not change our conclusions. This however implies, as seen above, that
5(5%wa)5(for) = 1. 14
We can repeat the operation with an orthogonal PCO Zze = 0% (d+bmy™\)ad(0] wa).
This gives

v = 75 Z; 02 = 5ot [cmDaDgflm + (Y™ N« D) Am (4.42)

Inserting the definition of A,,, one gets the original vertex operator (B1]) U(1]0) = A* A, +
c™A,, with
Aa(w,0) = (") + (57"01)0a ) au (@) (4.43)
A (7,0) = ap () + 0*(59P0L ) Omay(z) .

These superfields differ from the orignal solution found in sec. 3.1 by a choice of gauge.
Indeed, it can be shown that the vertex operator satisfied the Wess-Zumino-like gauge

condition
(ea - (177”11)(77,10)“)14& ~0.

This is a Lorentz-transformed Wess-Zumino-like gauge 0°N,As = 0 where N’ is the
infinitesimal Lorentz transformation whose parameter is wp, = €mnp(07P0,). This is
not surprising since to define the PCO we had to choose a gauge given by the constant

e e
parameters v* and 0.

16 To justify the above manipulations is better to use CFT techniques and we have U®) =
lim, y : Z5(z)U?(y) : . The normal ordering removes all poles from the contraction of the
PCO with vertex operator and the limit removes the zeros of the form (z — w)" leaving only the

finite and non vanishing parts.
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4.5. Genus g differential forms and anomalies

With the geometric theory of integration at our disposal, we only need one more
ingredient before we can proceed to present the computation of the correlators. As we
have already remarked, at tree-level there is a perfect identification of the superforms on
the target manifold with the vertex operators that depend only on the zero modes of the
scalar fields, in our case x™, 0% A% and ¢". We can denote this as tree-level forms. As
soon as we want to consider higher-genus Riemann surfaces, we have to take into account
the presence of the conjugate momenta, resp. P,,,pa,w, and b,,; these are fields of
conformal weight 1 and have g zero modes on a surface ¥ of genus g. Making a choice of
a symplectic base a;, b;,t = 1,..., g for the first homology group of ¥, the zero-modes can
be conveniently described as the integrals fai Waz(2)dz (and similarly for the other fields).

Since in the particle limit the Riemann surface degenerates into a graph and one
cannot define a notion of conformal weight, and even the counting of zero modes becomes
ill-defined, we have to consider this issue of higher-loops in the full string theory. Once we
have written the prescriptions, they can be used also for the particle.

It is then convenient to use a conformal field theory formalism. We can introduce con-
served currents that assign quantum numbers to the ghosts, and the number of insertions
that are necessary to absorb the zero modes are counted by the anomaly in their OPE
with the stress energy tensor. In the usual topological sigma model there is only one such
current, associated to the ghost number. In our case we will need another one associated
to the picture. There is a certain freedom in defining these currents, simply because any

linear combination of them would also be conserved. We will make the following choice:
Jgh = Cmbm — )\O‘wa N in = —@(wa)a@()\“) 5 (444)

These expressions need some clarification. In order to compute their anomalies and their
assignment of charges to the various fields, it is more convenient to use a bosonized form
for the commuting ghosts, even though this breaks the manifest Lorentz invariance. Then
we can use the following dictionary (see e.g. [B6]): for each pair of conjugate fields (X, w)
(in our case there are 2 such pairs),

A=ne?, w=0te?,

SN =e?, Sw)=e?,
0O(\) =0X0(N\) =n, O(w)=¢
Aw = 0¢.

(4.45)
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Here &, form as usual an anticommuting system of spin (0, 1), and ¢ is a chiral boson with
background charge —1/2, so that the exponentials in the first line of ({.45) have weights
—1 and 0 respectively.

Then one can see easily that A\, w have ghost number 4+1 and picture F1, while
d(A), d(w) have ghost number F1 and no picture. This definition of the ghost current
is in agreement with the requirement that its anomaly should count the number of zero
modes of the fields charged under it. In fact, an insertion of §(\) can be used to reabsorb a
zero mode of A\, and so it carries the opposite ghost number. Using the bosonization rules

(E47) it is straightforward to compute the anomalies of the currents:
Cgh =—3+2=-1, cp=-2. (4.46)

This result will be important when we discuss the prescription for the computation of
amplitudes. At tree level, an operator that saturates the anomaly is cA26262()\), and
we have already seen that with the measure given by (B.I4)) , this operator has a non-
vanishing vev. So the selection rules given by the anomalies are consistent with the tree
level prescription we have found, and moreover they enable us to extend the prescription
to higher loops. One has to recall that the anomaly is proportional to the Euler character
of the Riemann surface, and at genus ¢ it is given by ¢(1 — g), where ¢ is the coefficient
computed by the OPE with the stress-energy tensor.

We note also that — as in the RNS formalism — the BRST charge (@ is filtered with the
respect to this number as follows Q = Qo + Q-1 + Q@ _o where Qo = ¢,, P, Q_1 = A%,
and Q)_o = %bm)\'ym)\. In the same way the vertex operators are filtered according to this
number.

Whereas for tree-level forms we can identify the measure with an element of the zero-
momentum cohomology of top degree, which usually turns out to be unique, this is not the
case for higher loop forms. For instance, let us consider the case of 1-loop forms. By using
the unitary transformation (2.10) , the BRST operator becomes simply @ = A\*p,, — ™ Py,
and we are effectively computing the de Rham cohomology in the space of 1-loop forms on

M. This can be written as
3 3 2 2
[T ey e [Ty e TT o0y @ [T ot} (447)
m=1 n=1 a=1 B=1

We are particularly interested in the space H°® that should be relevant for the 1-loop

integration measure, since all the anomalies vanish at genus 1. But it is clear from (f.47)
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that this space is not 1-dimensional. There is however a distinguished element, which
contains the zero modes of all the fields, and is the only class w € H3%(z, ¢)@ H=31°(b, P)®
HO2(9,\) @ HYI=2(p, w). Explicitly, w = ¢® b3 62 p? 62(\) 6%(w). Note that w has the same
form in term of the transformed and the original fields. This cohomology class is the natural
volume form on M @ M, and determines a pairing <, >: HPI9 x H=PI=9 — C. The space
HO° is dual to itself under this pairing, and < 1,w >= 1. Tt is natural to consider the
factors in w depending on the ghosts as related to the measure for the tree-level fields;
then the antighost introduce additional zero modes that make the total anomaly vanish
and require the introduction of the PCO in the correlators. Analogous statements hold for

higher loops, as will be illustrated in the next section.

5. Multiloop multilegged amplitudes

In this section, we clarify completely the prescription for multiloop computation in the
present model. The prescription is obtained by mapping the Riemann surface into graphs.
We separately discuss the tree level (which has been discussed in pevious sections), one
loop and finally for g > 1. This is needed in order to fix the isometries of tree level and
one loop.

5.1. g =0, N-point functions

We start to give the prescription of tree level multilegged amplitude. In the present
situation, there is no zero modes for the conjugated momenta d, w, and b,,. It is easy to

see that, based on the previous considerations, the amplitude is given by

AN~ / <d3a:0d3P75a:>d29d2)\d3c((¢8A)-(¢8A)52(>\)>x (5.1)

3 N
1 0
JLoO L [ anv ).
i=1 j=4

where x is the center of mass and Dx is the measure for non zero modes and
@ (2" ()= = [ Da(a"(m)a"(r2)) =™ = 7. (52)

The insertion of 3 vertex operators U with ghost number one is needed in order to fix
the isometries at tree level (in string theory this corresponds to fixing the M&bious group
SL(2,R) of the disk). In the case of the particle limit, one of the vertex U is situated
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at the beginning of the worldline (T' = —o0) one at the other end and the third in the
middle for a generic T (this analysis can be found in [64,6§]). The insertion of integrated
operators is needed to have N-point amplitudes and they are given by [ dTV(0)<T) =
[ dri™ (1) Ay, (x(7)). The form of the connection A,, depends on the background chosen.
Example of these amplitudes are already given in the previous sections.

Regarding the saturation of the anomalies, we can easily see that if we consider the
combination [DeDAJ(_1j2) = d*Ad®c(£Dy) - (£Ox) as part of the measure (which defines
the vacuum of the Hilbert space), it has ghost anomaly equal to —1 which is the ghost
charge of the vacuum while it has picture number equal to 2 which is again what dictates
the picture number anomaly. On the other side the insertions, namely H?:l Ui(l) and
§2(\), have ghost number +1 which saturate the ghost anomaly of the vacuum and out
to the three vertex operators Ui(l) we have to select the picture —2 part. That leads to a

non-vanishing abmplitude.ﬁ

5.2. g =1, N-point functions

The next step is to consider one loop amplitudes. Here the presence of zero modes for
the conjugated variables d,,w, and b,, is important. For one-loop one has to integrate
over the modulus of the torus T'. To this modulus, there is a corresponding antighost field

denoted B7. The one-loop N-point function is given by
1
AN |~ / dT / (dgzcongf)x) d20d2dd2)\d2wd3cd3b<( #0r) - ( ¢8A)52()\)) < (5.3)
0
N

N T 2
><-BT H / diBk H ZUZU(l)(T> H Uj(l)(7_3> P
k=270 i=1

=2

where B = b,,2" and
Zy, ={Q,0(viw,)} = v (d — bnvn)\> d(viwy) -

The parameters 7; are the Schwinger parameters. The counting of zero modes goes as

follows:

17 In pure spinor approach the measure for the zero modes of open superstrings is given by
[DA](sj3) = dA“Y A ... A dX M eq; . arg (’ym’yn’ywym”)[“m“‘alﬁ](ﬁl“‘53)&\Lﬁl e &\Lﬁs. This measure
has ghost number +8 as prescribed by the ghost anomaly T'J ~ —8/(z — w)® + ... (see [{3] for
further details) and has picture +3, and this is prescribed by a similar operator as in the previous

section.
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1) there are 3 zero modes for ¢” and 3 zero modes for b,,. Notice that b,, behave
like abelian differentials of string theory, (we have to recall here that the 1-loop graph is
indeed a manifold and the abelian differentials on it are well defined. There is one modulus
for the torus for each vertex insertion. For higher loops the counting of moduli cannot be
done in the same way since higher loop graphs are not manifolds.

2) there are 2 zero modes for ¢ and 2 zero modes of d,. They are fermionic and they
have to be saturated in order to get a non-vanishing amplitude,

3) there are 2 zero modes of A* and 2 zero modes for w,. They are bosonic and
the delta functions 62()\) and 62(w) have to be inserted. The first delta functions are
inserted by means of the picture lowering operator <(¢8>\) . (¢8>\)52()\)> — which is BRST
invariant@ — there are two derivatives on delta functions which select those products of
vertices that contain at least two powers of A*. The second type of delta functions §2(w)
is contained in the picture changing operators Z,. They depend on the gauge parameters
m

V-

" where ¢ = 1,2 and they are chosen in such a way that no normal ordering is needed

for the expression of Z,. This dependence is BRST exact
Sve Zy = {Q, 6]wad(v§wa)} .
4) The total ghost number of the amplitude as it can be checked by
—25200 — (N + 1)) +2(2,) + (N + 1)y =0

where in bracket we inserted the sources of the ghost charge.
5) We also have to take into account that the picture should be saturated. Indeed we
have

—2(52(n) T 2(z,) = 0.

As an example, we consider one-loop, three point function.

A~ / %T / (d?’:cod?’Pf)a:)d29d2dd2)\d2wd3cd3b<(¢8A)-(¢8A)62(A))x (5.4)
0

T T
(bm:i:m)(T)/O drl(bm:i:m)(ﬁ)/o dro(bm@™)(12) X

18 The BRST variation of ¢ produces Ay™ A\, and therefore using the two derivatives appearing

on the delta function, it is easy to see that the BRST variation of this monomial is zero.
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o (4= by X)) v (d by ) S(fwa)s(v5ws)x
(AN*Aq — AR N*Ay — AR (ANYAy — ™A .
It is easy to check that indeed all the zero modes are saturated and therefore this amplitude
does not vanish. To evaluate it, one needs to compute all the integration on zero modes
and finally the contraction of x’s is performed with the propagator

@™ () (72))gms = 77 (1 = maf = BT (5.5)

To define the partition function at one loop, one has to insert powers of the ghost
current J = b,,c™ + w, A%, but it vanishes as it can be seen by just counting the zero
modes. This is equivalent to the vanishing of the partition function for Green-Schwarz

superstring in the light-cone gauge on the flat background.

5.3. g > 1, N-point functions

In this last section, we consider the multiloop when g > 1 and we do not have to take
into account any isometry of the graph. We have to notice that by counting the internal
lines I of a graph with V internal vertices at ¢ loops, one has g — 1 = I — V. Since
the vertices are trivalent 3V = 2I + N where N is the external insertions, we have that
I =3(g— 1)+ N which gives the number of internal lines to whom we assign a modulus
each.

By respecting the ghost number and zero modes saturation, we propose the prescrip-

tion
3g—3+N

2g 3g
VARNEDS / dmy, / d*xod® PDzd*0d’ Md®c | [ d*w;d®d; [ | db; (5.6)
h=1 i=1 j=1

3(g—1)+N 29+N

<((g0n) - (f00)5*°(N)) |1 driepi () B || Zo ﬁ U (ry) =,
( ) 1/ 1 2 1]

39g—3+N 3(g—1)+N 2g+N

~ > [am{ (00 o0ew) TI [ dm(m)BkHszf[U§1)<7j>>~

In the present case, we notice that we add the contribution from the 3¢ zero modes of b,,
and 2g zero modes of d, and of w,. They are saturated by the presence of B’s and by
the picture changing operators. The counting of ghost number and picture number goes

as follows
=220 — (B(g—1) + N)s,) + (29 + N)(z,) + Nuwy=—(9—1)+ N
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—2(520\)) + (29 + N)(ZU) =2(9g—1)+ N.

The last expression counts the number of delta functions for A and w and the number is
exaclty matched by the number of integration variables d?\ and d?w.

We notice therefore that in the case of a given number of possible pictures, let us
say, n different pictures, the counting of the insertions Z, and of the delta functions ()

should be changed to n, namely the insertions should be replaced by

ng+N
H(c,00)5"(N) ] 2.,
=1
which conpensate the picture charge of the vacuum n(g — 1) + N. kd
It is clear from this analysis that several amplitudes are vanishing. However, we have
to recall that if the computation is done in topological field theory there some terms coming

from the curvature terms of the action. This phenomena is illustrated in [69].

5.4. Derivation of (p.4)

In order to derive the formulat ([f.6) it is necessary to couple the theory to an extended
topological system on the worldsheet (or on the worldline).

There are essentially two type of zero modes relevant for our derivation: the zero modes
and moduli of the Riemann surface and the supermoduli associated to commuting ghosts
A% we. The first type of zero modes are parametrized by suitable combinations of the ghost
fields (¢™, by, ), while the second by the ghosts (A%, w,). In order to derive the formula
(b-6), we introduce four new type of ghost fields (¥', '), (8’,%') (with conformal spin (2,-

1) and with fermionic and bosonic statistics, respectively) and (8/,~"), (£/,1"") where
i = 1,2 (this number depends on the number of independent pictures) with conformal

(1,0) with bosonic and fermionic statistics. This set of fields resembles the set of ghost

19 For example in the pure spinor approach, the number of independent components is com-

puted by solving the constraint /\a’y;”/gkﬁ = 0, where \* is a Weyl spinor in 10d and v, are
symmetric real matrices of Spin(10). This yields 11 components for A* and the insertion is given
by

11 g+N
(9@1 O e o A LT N N %35”(») II 2.
=1

where the term in the bracket absorbs the zero modes of A* and the PCO Z, absorbs the zero
modes of ws. The total number of delta functions absorbed is 11(g — 1) + N.
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of a fermionic string with an extended supersymmetry, whose conformal central charge
vanishes since these new fields always appear in quartets. On the other side, the anomaly

of the ghost currents
Jgh, — blcl + 2/8/’)// , in — /BZ’)/”O‘ + 25277//05

are —3 and —n, respectively, where n is the number of independent components of \“.

Let us first derive the insertions of the B = (b,, P™) of the formula (£.). They are
related to the moduli of the Riemann surface and therefore it is useful to introduce a new
BRST charge defined as follows

Qnew = P2+~ (b = b,,P™) +Q (5.7)
which is clearly nilpotent (since {Q,b,, P™} = P?) and has the properties
Qnewb/ = P2 5 Qnewﬁl = b/ + mem ; Qnewc/ = 7/7 Qnewlyl =0.

This new BRST operator contains the old BRST charge @) (which implements the topolog-
ical symmetry) but also the BRST symmetry of the diffeomerphisms with the term ¢’ P2.
The additional terms are needed to render the BRST operator nilpotent. The term ~'b
is needed in order to generate a topological symmetry of the system ¢, b',+’, 3" such that
they do not enter the cohomology.

In terms of ¢, b’,+" and ', we know what are the correct insertions for the moduli of a
Riemann surface together with the supermoduli associated to 4’ and /3’ (here we consider
g > 1), namely one has to insert the following BRST invariant combinations to reabsorb

the zero modes of b and 3’

3(g—1)+N 3(g—1)+N

11 / 1D Qe O / pitdt = 11 / b+ (b PS8 (5.8)

where p; are the Beltrami differentials. Since the fields b’ and 3’ are decoupled, they can

3(g-D+N f i (b P™); which are the insertions

be integrated out leaving the insertion of [[;

obtained in (p.G). Notice that for genus 1, one has to reabsorb the isometries of the sphere
and of the torus. This can be done by inserting the PCO ¢'§(7’) to soak up the zero modes
of ¢’ and +'. For genus zero, we have already lengthly discussed it in the previous sections.

The next step, we derive the insertion of the PCO Z,,,. The number of v; is equal to

the number of independent components of w,. We have to notice the following: there exist
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two solutions to the equation {Q,b*} = A\*P? (we refer to [IJ] for a complete analsys of
this equation in the pure spinor framework). One solution is provided by A%b,, P™ and the
second is given by (Pd)* (this is similar to the solution in ], in [P4] and in [7Q]) and the
latter resembles the generator of the k-symmetry of the Brink-Schwarz formulation of the

superparticle.@ Given those two solutions, we can form the BRST invariant combination
K =(Pd)* — \*,, P™.
This combination is not only invariant, but it is also BRST-exact:

K* ={Q, Pw—b"b"€nnp(v"A)} . (5.9)

=

This suggests that the operator =¢ = Pw — b™b"€pnp(7PA) can play the same role of
B = b,,P™ and its BRST transformed P? introduced above. In addition, we can check
that the those operators form a closed algebra whose main commutation relation is given
by

{K® KP} = pmy2fp?, (5.10)

which is the usual relation between the k-symmetry generators and the Virasoro constraint
P? ~ 0. As a check, one can also compute the commutation relation between K¢ and =°

to have
{K* 2P}y = — PP, (5.11)

which leads to (.10) by acting with @ on both side of the equal sign.

«

Notice that the main difference between the operator B and = is the spinorial index

* is commuting. This

carried by the second one. In addition, while B is anticommuting, =
last observation suggests that we can introduce a new BRST operator for each spinorial
component of Z¢ and K. It is however convenient to introduce again the gauge parameters
v%a) and define the BRST charge as follows

Qin = Quew + D [S0LK T (WLE) +9f (" + 5004 =" ) | (5.12)

«

where we converted the commuting operators v,E® into the fermionized ones 6(v,E®).

i
Notice that we could have also used the other fermionized operators given by ©(v!E%),

20 Recently paper [F1] appeared, this provides a useful link between GS formalism and pure
spinor formalism (as previously done so in [[3]. It would be interesting to see the relation between

PCO and the coupling to topological gravity for the critical superstring [5g].
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but this is not a pseudoform. In addition, ©(v: =) does not carry any ghost number.
On the other side, §(v), %) satisfies all the conditionsB! The action of the final BRST

o=

operator @y, is given by
Qﬁﬂi _ n//z’ + 5(11350‘) : Qn//i _ UéKadl(UZan) (5.13)

Q¢ =1, @' =0
It is easy to show that the dependence upon the gauge parameters v{* is always BRST
trivial.
Following the previous derivation, we can derive the insertion to reabsorb the zero
modes of 7””* and of B¢

ng+N

[1 ¢ (ietre){Qumo(f 5™} (5.14)

Notice that at genus g there are two zero modes for 7””* and two zero modes 3”*. The
integral is performed over an A cycle of the Riemann surface (again here we dropped all
this detail and we naively restrict ourselves to the worldline model). It is easy to check that
those insertions are BRST closed, but not BRST exact. Notice that since the symmetry
generated by K< are not worldsheet symmetry, but rather target space symmetry, we
expect that the insertions (f.14) are exaclty BRST closed (not up to a total derivatives
"4

on the moduli). By computing the action of @, on 8”F and using the fact that " is

nilpotent (for each i) we get the following aswer

ng+N

[T n" kK68 )5(whE) (5.15)
k=1

then finally integrating out n’”* and 3", we obtain the insertion of the spacetime PCO

ng+N

II 2. (5.16)
k=1

where a suitable odd vector has been chosen which gives Z,» = {Q,O(v¥=*)}. Notice
that the dependence upon v¥ is entirely through BRST exact terms and they do not affect
the amplitudes. Finally, {Q Fin, O(§ B” k)} is the well-known worldsheet PCO constructed
by fermonizing the superghost 3”¢ and it is interesting to see the interplay between a
worldsheet PCO and the target space PCO.

21 The BRST charge (F.13) is very similar to the BRST operator Qrns + ¢ n proposed in [73]
where f 1 is the BRST operator which reduces the large Hilbert space to the small one.
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6. Future Directions

The present analysis is a first step toward a more complete study of topological string
theory on supertarget spaces. As we pointed out the theory of integration of superforms
is directly related to the path integral formulation of superstrings and topological strings.
Here we would like to indicate some future directions that we consider relevant for appli-
cations and developements.

i) The analysis of boundary conditions of the sigma model given in sec. 2.2 and the
study of A-branes and the analysis of their properties has be explored. As is well known the
presence of fermionic degrees of freedom for the superstring D-branes drastically changes
the spectrum of the theory. We suspect that also in the present context the study of A-
branes might reveal some interesting properties. In addition, to our knowledge, the Super-
Chern-Simon action is the only supersymmetric string field theory action constructed so
far which is fully super-Poincaré invariant in the target space. We hope that the present
construction can be useful to construct the full-fledged superstring field theory.

i1) Together with the A model, one can study the B model. In that case some anomalies
coming from the holomorphic nature of the model should be properly compensated. It
would be interesting to construct the top pseudoform to be integrated in the path integral.

This certainly generalizes the usual form {2 of the super Calabi-Yau

O =eryrr2tdz27dZ%dz e g pdVAdUE 4V qUP

The observables of the model should be identified with superforms and the PCO should
enter in the prescription for the amplitudes. It would be very interesting to understand
the implications of these modifications in some specific calculation of amplitudes.

i11) The techniques of supergeometry can be applied to pure spinor string theory where
the space of differential is modfied by the introduction of the pure spinor constraints. This
will change the structure of the top form, but a complete analysis is missing. Interesting
steps in that direction have been already achieved by Movshev and Schwarz in [4[7]. In
that context, one should be able to derive the multiloop prescription for pure spinor string

theory by coupling it to topological gravity.
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8. Appendix: BV formalism

Here we view the BV formalism (see, cf. [[q]) as an integral Iy of the BV differential

form gy along the Lagrangian submanifold £ in the BV space:
Igy = / QBV (81)
c

The BV space M is equipped with the canonical odd symplectic form wgy . One can choose
local coordinates to identify M with II7* N where N is some (super)manifold, where the

symplectic form has a canonical form
WBY = 522_ NOZ? (82)

where Z¢ denotes the (super)coordinates on N and Z;- corresponding coordinates on the
cotangent fiber.

The submanifold £ is Lagrangian with respect to the canonical form wpgy (in the
physical literature its generating function is called the gauge fermion).

The BV differential form gy is constructed out of two ingredients [[6]: the BV
action S and the BV measure v: Qgy = (ue_s).

The action S must obey the so-called BV master equation:
{S,S}Ypv = wh (S A D.S) =0 (8.3)

One calls the coordinates Z¢ the fields and Z} the anti-fields. Sometimes one dis-
tinguishes the classical part of N and the auxiliary fields used for gauge fixing. Also, the
identification of the BV phase space with IIT* N is not unique and is not global in general,
so the partition of all the fields involved on the fields and anti-fields is not unique.

The deformations of the action S that preserve (B.J) are (in the first order approxi-
mation) the functions ® on M which are gy -closed, where the differential Qpy acts as
Qpy® = {5, ®}py. The deformations which are ()py-exact are trivial in the sense that
they could be removed by a symplectomorphism of M (one has to make sure that this
symplectomorphism preserves v to guarantee that the quantum theory is not sensitive to

such a @ py—exact term).
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