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GEOMETRIC ERGODICITY OF MODIFIED EULER SCHEMES FOR SDES
WITH SUPER-LINEARITY

JIANHAI BAO MATEUSZ B. MAJKA JIAN WANG

ABSTRACT. As a well-known fact, the classical Euler scheme works merely for SDEs with coeffi-
cients of linear growth. In this paper, we study a general framework of modified Euler schemes,
which is applicable to SDEs with super-linear drifts and encompasses numerical methods such
as the tamed Euler scheme and the truncated Euler scheme. On the one hand, by exploiting
an approach based on the refined basic coupling, we show that all Euler recursions within our
proposed framework are geometrically ergodic under a mixed probability distance (i.e., the total
variation distance plus the L'-Wasserstein distance) and the weighted total variation distance.
On the other hand, by utilizing the coupling by reflection, we demonstrate that the tamed Euler
scheme is geometrically ergodic under the L'-Wasserstein distance. In addition, as an important
application, we provide a quantitative L!-Wasserstein error bound between the exact invariant
probability measure of an SDE with super-linearity, and the invariant probability measure of the
tamed Euler scheme which is its numerical counterpart.
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1. INTRODUCTION AND MAIN RESULT

In the past few decades, there have been significant advances in the area of numerical approx-
imations for SDEs. As far as the convergence analysis in a finite-time horizon is concerned, the
theory has progressed well beyond the classical Euler-Maruyama (EM) scheme, and we refer to
[3, 10] for the backward EM scheme, [I1, 13, 27| regarding the tamed EM scheme, [14] 17, 23]
concerning the truncated EM method, and [12] 26] with regard to the adaptive EM scheme, to
name just a few. For results on the behaviour of EM schemes in the infinite-time horizon, the
reader may consult [12, 14, 3T]. In particular, recently there has been a series of works, where the
authors utilized the probabilistic coupling method in order to investigate the long-time behaviour
of EM schemes under the assumption of “dissipativity at infinity” concerned with the drifts of the
associated SDEs. Based on quantitative contraction rates for Markov chains on a general state
space, the exponential contractivity under the Wasserstein distance for EM schemes associated
with non-degenerate SDEs driven by Brownian motions and Lévy noises was explored in [7] and
[9] by drawing on the reflection coupling and the refined basic coupling, respectively. Via the
synchronous coupling, along with the construction of a corresponding metric, the L?-Wasserstein
contraction for Euler schemes was established in for SDEs with a sufficiently high diffusivity.
Through a mixture of the synchronous coupling and the reflection coupling, the L!-Wasserstein
contraction for the EM scheme corresponding to kinetic Langevin samplers with non-convex po-
tentials was treated in [29]. Leveraging on discrete sticky couplings, [5] provided bounds in
Wasserstein and weighted total variation distances between distributions of EM schemes and cor-
responding perturbation versions for SDEs with Lipschitz drifts, which are dissipative at large
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distances. Additionally, concerned with the tamed unadjusted Langevin algorithm, [2] demon-
strated the L2-Wasserstein non-asymptotic error bound between the exact invariant probability
measure and its numerical version, for overdamped Langevin SDEs, albeit only with strongly
convex potentials.

With the exception of [2], which treated tamed Euler schemes, all those results were applicable
only to the case of SDEs with global Lipschitz drifts. Inspired by the aforementioned literature, in
this work, we shall go further and focus on SDEs with super-linear drifts. For such SDEs, we intend
to propose a novel framework for studying EM schemes, which generalizes the classical EM scheme
and encompasses the tamed EM scheme and the truncated EM scheme, as typical candidates.
Most importantly, by constructing appropriate couplings, we shall consider geometric ergodicity
under different probability distances for the proposed EM iteration. Compared to [5] [7, Ol [14], our
approach allows for the study of EM schemes for SDEs with super-linear drifts. In comparison
with [2], our approach is much more general and provides bounds in the Wasserstein distances
without requiring strong convexity of the potential.

Among different types of modified EM schemes, recently there has been a lot of interest espe-
cially in tamed EM schemes, due to their applications in computational statistics and machine
learning. In addition to [2], we refer to e.g. [I8, 15l 24, 20] for a series of papers on the Tamed
Unadjusted Langevin Algorithm (TULA) and its variants. These papers are concerned with error
bounds between the target probability measure and the distribution of the tamed EM scheme
after a certain number of steps. Typically, the target measures of interest are of the form 7 oc e=V
for some potential U : RY — R and, if U has growth stronger than quadratic, the classical ULA
cannot be applied directly and taming is required. The majority of such error bounds in the
literature rely on contraction properties of the associated SDEs (which are usually obtained via
couplings or functional inequalities). However, this does not always provide precise control on the
constants for the error of the discrete process; see e.g. [I5, Remark 2.12] or [24, Remark 2.12].
In the present paper, we apply couplings directly at the level of the discrete-time scheme, which
has the potential of providing sharper bounds, with a better control of the constants. See [22]
for related results in the classical case of U with quadratic growth (i.e., Lipschitz VU), where
bounds for ULA and Stochastic Gradient Langevin Dynamics (SGLD) algorithms were obtained
by applying couplings directly at the level of the discrete process, in contrast to the majority of
the literature. We believe that the results obtained in the present paper will provide an oppor-
tunity for obtaining sharper bounds for algorithms such as TULA. However, this will require a
detailed analysis and is beyond the scope of the present work, whose focus is instead on providing
a general framework for analysing ergodicity of modified EM schemes.

Consider an SDE on R? :

where b : R? — R? is measurable, and (Wi)>0 is a d-dimensional Brownian motion on the filtered
probability space (2, .Z#, (#;)i>0, P). Throughout the paper, we shall assume that the SDE (L)) is
strongly well-posed under suitable conditions (e.g., b is locally Lipschitz and satisfies a Lyapunov
condition; see, for instance, [25, Theorem 3.1.1]).

In most scenarios, SDEs under consideration are unsolvable explicitly unless they possess certain
special structures. Based on the point of view above, plenty of numerical schemes are proposed
to approximate numerically SDEs and simulate with the aid of computers. Concerning the SDE
(L), we put forward the following explicit discretization scheme: for the iteration step number
n > 0 and the step size § > 0,

(1.2) Xfris = 70 (X55) 6O (2O (X0))5 + AW,

where AW,5 := W,41)5 — Wys means the increment (with the length §) of (W});>0; the mapping
7 R4 — R? is contractive, that is,

(1.3) 7 (@) =7 )| < |z —yl, 2,y eRY
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b@® : R4 — R is a modified version of b so that, for each fixed z € R?, [b9)(z) — b(x)| — 0 as
0 — 0. Since Brownian motions have the self-similar property, there exist i.i.d. d-dimensional
standard Gaussian random variables (&,),>1, supported on (€2, .#,P), such that, for each integer
n > 0, AW,s and 03¢, are distributed identically. Thus, in (TZ), by replacing AW,,s with
81/2€,.1, we obtain the following modified EM scheme: for any § > 0 and integer n > 0,

(14) X0 onys = 7O (X05) + 00 (7O (X0))6 + .

At first glance, the stochastic algorithm (I.4]) is a bit unusual. Nevertheless, it provides a flexible
framework that incorporates several well-known stochastic algorithms. Indeed, as we will discuss
in detail in Section 2l our framework covers:

e The classical EM scheme (Subsection 2.1]), by taking 7(9)(z) = 2 and b (x) = b(z);

e The tamed EM scheme (Subsection Z2), by taking 7% (z) = 2 and ¥ (z) = H;’g(i;)('m”,
where 0 € (0,1/2) and ¢ : [0,00) — [0, 00) is a strictly increasing and continuous function
with ¢(0) = 0 and a polynomial growth;

e The truncated EM scheme (also known in the literature as the projected EM scheme;
Subsection 23), by taking 7 (z) = L (|z] A 71 (677)) 21z 0}, where 8 € (0,1/2) and

@ : [0,00) = [0, 00) is a strictly increasing and continuous function, whereas b (z) = b(x).

Iml

1.1. Geometric ergodicity under a mixed probability distance. In this subsection, we
assume that

(H;) there exist constants R,Cgr, Kr > 1, 0 € (0,1/2), and éy € (0,1] such that for all § €
(0, 8], and all z,y € R,

(1-5) ’b((s)(ﬂ'(&) (x)) - 5(5)(77(5)(9))’ (CR]l{a:eBR}m{yeBR} + Kgd~ ]l{acEB Yu{yeBs })|$ - ?/|

(Hy) for the threshold R > 1 above, there exists a constant Kj > 0 such that for all § € (0, dy],
and z,y € R? with z € B§ or y € B,

(1.6) (7O (@) = 7O (), b (7 (2)) =8O (7 (y))) < —K7|x (@) = 7D ()],

where By denotes the closed ball with radius R and center 0 € RY, and B% means its
complement.

Before we proceed, we make some comments on Assumptions (H;) and (Hy).

Remark 1.1. Assumption (H;) demonstrates that the composition of b®) and 7% satisfies a
global Lipschitz condition, in which, outside of the closed ball B, the Lipschitz constant depends
on the step size. Inequality (L) reveals that b®) is Kj-dissipative outside of By, where, most
importantly, K}, is independent of the step size 0. A more intuitive counterpart of (L6l would be
the following one: for any z,y € R? with € B} or y € BS,

(1.7) (x — y, 0 (z) — bO( (y)) < —Kjlz —yl*

Nevertheless, for the proof of Theorem below, the technical condition (C6]) is essential. Since
the precise expression of 7 is unknown, # € B% does not automatically imply 7 (z) € B%.
Hence, (L6) cannot be derived from (7)) so, in Assumption (H;), (L6) (in lieu of (L)) is in
force. However, in some specific cases we can impose (7)) as long as 7 possesses an explicit form;
see Section for relevant details. Last but not least, in order to demonstrate the robustness of
Assumptions (H;) and (Hy), we discuss in detail in Section @l how to verify them for the classical
EM scheme, the tamed EM scheme, and the truncated EM scheme.

In the following paragraph, we introduce some notations. Let v(dz) be the law of the d-
dimensional standard Gaussian random variables (&,),>1, i.e.,

v(dz) = (27) Y212 gz,
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and, for x € RY, let v,(dz) = (v A (0, * v))(dz), which stands for the common part of v(dz) and
(0, * )(dz) (the convolution between v(-) and Dirac’s delta measure 0,(+)). A direct calculation
shows that for all x € R,

Vm(dZ) = (27r)7d/2 (e*|z|2/2 A e*‘zfm|2/2) dz.

For any r > 0, define
J(r) = inf v,(R%).

|ul<r
It is easy to see that J(r) > 0 for any finite number r > 0 by making use of properties of the
Gaussian distribution v. Additionally, we define the distance function

(18) pl(l‘ay) :ﬂ{xiy}+|x_y|a €,y ERda
and set
(1.9) b1 =6 A (Kj/KR) 2 A (2K}) ™' A (4RCR) ™

where the parameters R,Cgr, Kr > 1, 6y > 0, as well as K5 > 0 are given in (H;) and (H,),
respectively. At last, on some occasions, we shall write (XZ’(S )n>0 instead of (X?5),>¢ once the
initial value X = x is to be emphasized.

For any lower semi-continuous function p : R x R? — R, and for all probability measures j
and v on R, we define the L'-Wasserstein (pseudo-)distance induced by p as

(1.10) Wolr) = nt [ plea(dedy).
m€ll(p,v) JRd «Rd

where TI(u, v) represents the set of all couplings between the probability measures p and v.
The main result in this subsection is stated as follows, which shows that (X2;),>0 is geomet-
rically ergodic under the Wasserstein distance induced by the cost function p; defined in (LS]).

Theorem 1.2. Assume that (L3), (Hy) and (Hy) hold. Then, there exists a constant C; > 0
such that for any 6 € (0,6,], x,y € R, and integer n > 0,

(1.11) W,,l(,zﬂng,gxiby)<c* Ay (),

where W, stands for the Wasserstein distance induced by the cost function py defined in (LE),
and )\1 = )\11 A\ )\12 AN )\13 € (0, 1) with

aJ(1 4RC pe, e 2Hes Re, K e 2he-
(112) )\11 = 4(T<<F)2)’ 12 = S—H and )\13 = #
with
32RCR(1 + CR)2 80*
1.13 = d =
( ) c 70 an a 70

Evidently, Theorem implies the following corollary.

Corollary 1.3. Assume that (L3), (Hy) and (Hy) hold. Then, there exists a constant C; > 0
such that for any 6 € (0,6,], x,y € RY, and n > 0,

~A1né
(114) Hg 6:c - X&t/” ar—i_Wl(gXi,gc’ngby) <C* m (.T,y),
where Ay > 0 is the same as that in Theorem[L2, | - ||var means the total variation distance, and

W, denotes the L'-Wasserstein distance.

Note that Corollary [L3 shows that (X?5),>0 is exponentially decaying under the total variation
distance and the standard L!'-Wasserstein distance. However, it is not exponentially contractive
in either distance, since the term p;(z,y) on the right hand side of (LI4]) cannot be controlled
from above by either only cl i,y or only c|lz — y| for some constant ¢ > 0 (one needs to use
the sum of both terms). In particular, we refer to the introductory section of for a recent
discussion on the contractivity results for classical Euler-Maruyama schemes that are currently
available in the literature, as well as on the applications of such results, where it is important to
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have contraction rather than just upper bounds. In the next subsections, we turn our attention
to showing exponential contractivity (rather than only exponential decay).

1.2. Geometric ergodicity under the additive Wasserstein distance. In this subsection,
we turn to investigate the exponential contractivity of (X;),>0 under the weighted total variation
distance, which is equivalent to the additive Wasserstein distance. More precisely, we work with
the distance function:

(1.15) pa(w,y) = 2+ 2 + Y1) Ly, 2,y €RY
To begin, we introduce some additional notations. We assume
(1.16) b(()oo) = sup }b(‘;)(O)} < 0.
6€(0,60]

Define the subset D of R? x R? by

(1.17) D = {(z,y) e R x R*: 2+ |z> + |y|* < 8co/ K1}

where

co = d+((1 420k + 2C% + K3/2)R? + 3(05)°)
V(117257 1)+ 2/K5) (05)7).

It is easy to see that the diameter of D is finite, i.e.,

(1.18)

rp = sup |r—y| < oo.
(z,y)eD

Furthermore, in the following, we shall stipulate

8
J(1)

and fix respectively the positive parameters ¢, and a as follows:

J(1)c2e—e-(14rn) 4 2 1
2 d a:= ——(cy + 2005, 2(—v1) et Ky
B2eo(1 s o Mnd @ gylent 2as) + 2 g VL eoces + e

(1.19) Cy = Cr(1+ Cr)*(1 + )

(1.20) e, :=

Finally, we set

1

8y =g N\ (5([(;/[(12%)1_—126) A aJ(1)

2K (a+ 1)

The main result in this subsection is the following.

Theorem 1.4. Assume that (L3) with 7(0) =0, (H;), (Hs) and (LIG) hold. Then, there exists
a constant Cy > 0 such that for all § € (0,02, x,y € R, and integer n > 0,

(1'21) WPQ (gxig ) ngL’(;y) < C;eihmsp2 (SL’, y)

A (ARCR) 2.

where W, denotes the Wasserstein distance induced by the metric function py defined in (LI3),
and )\2 = )\21 VAN )\22 VAN )\23 € (O, 1) with
1 _ 2¢p0.84

Ao = 5 E, Agg 1=

Kie
d Aoy i= B
a+r1 MM T et

Let 22,(R?) be the set of probability measures on R? with finite second moment. According to
[8, Lemma 2.1|, the weighted total variation distance:

[ f@ntan - [ faias)

is identical to the Wasserstein distance W ,,. Thus, as a direct byproduct of Theorem L4}, (X?;),>0
is geometrically ergodic under the weighted total variation distance || - ||2,var-

|t — v||2var == sup o MV E 322<Rd)

[fI<1+[?
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Corollary 1.5. Assume that Assumptions of Theorem[LA hold. Then, for all § € (0,8, x,y € R?
andn > 0,

H‘ng’; -2y < Cye ™ py(x, ),

sl
m;y 2,var —

where C5 > 0 and Ay € (0,1) are the same as those in Theorem [, respectively.

1.3. Geometric ergodicity under the L!'-Wasserstein distance. In this subsection we con-
sider the scheme corresponding to the choice of 7 (x) = 2 in (IL4)). More precisely, for any § > 0
and integer n > 0,

(1.22) X015 = X025 + 00 (X25)8 + 626,11,

where (&,),>1 are d-dimensional standard Gaussian random variables.
To investigate the geometric contractivity of (X?s),>0, we rewrite Assumptions (H;) and (Hy)
as follows (since 7 (z) = z for all z € R?):

(H)) there exist constants R,Cr, Kr > 1, 0 € (0,1/2), and éy € (0,1] such that for all § €
(0, 8], and z,y € RY,

(1.23) ’b(é) (x) — 5(6)(9)’ < (CRﬂ{xeBR}m{yeBR} + KR5_6]1{meB§}u{yeB§}) |z —yl;
(H)) there is a constant K} > 0 such that for all § € (0,8)], and z,y € R? with z € B% or
y € By,
(1.24) (@ —y,00 (@) = 0 (y)) < —Kglz —yl”

To proceed, some notations need to be introduced. For parameters R,Cgr, Kr > 1 and K}
given respectively in (H)) and (H)), we set

16RCy | In(CpKF)

(1.25) =1+
where

(1.26) ro:=1/2+2R(CrV Kg), 15 :=

(2m)1/2 (7578 —e78), 5 := 4((1/2+ 3R(Cr V Kr)).

Furthermore, we define

_2 1 In2\>
(1.27) 03 = 0o A (2R(Cr A KR)) ™" A (Kj/Kg) =% A (;) :
with the constants dy, R, Cr, Kr, K}, and 6 defined in (H}) and (HY).
The following theorem shows that (s )n>o corresponding to (L.22) is exponentially contract-
ive under the L'-Wasserstein distance.

Theorem 1.6. Under (H)) and (HY), there exists a constant C5 > 0 such that for all 6 € (0, d3],
integer n > 0, and x,y € RY,

(1.28) W, (gxi’f’gXilsy) < Cie MMz —y),

where (X8 ) =0 is determined by (L22) and s := As; A Az € (0,1) with
*k 1 *

(129) )\31 = CRei2Rc and )\32 = 5 }%e*c (2R+7).

Before the end of this subsection, we give a remark regarding Theorem [L.6l

Remark 1.7. In Theorem [LH, we treat the geometric ergodicity of (X%;),>0 given by (L22) (i.e.,
([C4) with 7 (x) = ). Obviously, the framework (4] is much more general than ([L22). It is
a natural question to ask why in Theorem we work only with the scheme ([22]) instead of
(C4). The main technical reason is that in the proof of Theorem [, for z,y € R?, the distance
between 7 (x) 4+ b9 (7°(z)) — (7°(y) + b (7°(y))) and z — y should approach zero as the step size
goes to zero (see (0.0)) for more details). However, this may not necessarily hold if the only thing
we know about 7(®) is that it is contractive. In particular, for the 7(9) which corresponds to the
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truncated EM scheme defined in (2:4]) below, this property is not satisfied. For this reason, in
this subsection we consider only the scheme (L22) rather than (4.

1.4. Error bound between invariant probability measures. In this subsection, as an ap-
plication of Theorem [LL6 we provide a quantitative convergence rate between the exact invariant
probability measure and the numerical counterpart associated with the underlying tamed EM
scheme (L22).

Below, let ¢ : [0,00) — [0,00) be a continuous and strictly increasing function with ¢(0) = 0
and with a polynomial growth. We assume that

(A1) there exist constants L, Ly > 0 such that for all z,y € R?,

(1.30) [b(z) = b(y)| < Li (1 + () + o(ly])) [z = yl,
and
(1.31) |b()e(lyl) = by)e(|2])| < La(1+ () + ¢(y]) + e(zDe(y) |z = yl;
(A,) there exist constants L, Ly, Ls > 0 and R > 0 such that for all z,y € R? with x € B} or
y € Bg,
(1.32) (& —y,b(x) = b(y)) < —La(1+p(l2]) +o(ly]) |z — yI*,
and

(1.33) (= —y.b@)e(lyl) — by)e(lz))) < (La(1+ @(z]) + o(ly)) — Lse(lz))e(ly)) |z — y*.

From (A;), the drift b is allowed to be of polynomial growth with the order ry(r). To handle
the difficulty arising from the highly nonlinear property of b, we need to modify the drift b so
that its corresponding variant, written as b, is of linear growth at most. By regarding b as
a new drift, we can construct a time discretization scheme corresponding to the SDE (I.1]). For
this, we first introduce the modified (or tamed) drift ) defined as below:

I C))
1+ 8%(|z])’

where 0 € (0,1/2). Thus, the tamed EM algorithm related to (L)) can be constructed as follows:
for 6 > 0 and integer n > 0,

(1.35) Xoinys = Xos + 0O (X358 + 62,1,

(1.34) b (x) r € RY

where (&,,),>1 are d-dimensional standard Gaussian random variables. For the parameters involved
in (A;) and (As), we set

1

D) AL

1.36 0y =03 N | =—<
(130 v (e
where d3 is defined as in (L27) with

(50 = <L3/(2L4))$ AN 1, CR = (Ll V Lg)(l + @<R>>2, KR = L1 VAN L2 and K7 = (L3/2) A L5.

The following theorem provides an error bound between the exact invariant probability measure
and the numerical version associated with (II]) and the algorithm (I35]), respectively.

Theorem 1.8. Assume (A1) and (As), where ¢ : [0,00) — [0,00) such that for some constants
Cy, [F >0,

(1.37) p(r) <c.(1+77), r>0.
Then, there exists a constant C' > 0 such that for all § € (0, d4],
(1.38) W, (m,7°%) < €&,

where 0 € (0,1/2), 7 € 21(RY) and m° € P,(RY) stand respectively for the unique invariant
probability measures of (X;)>0 and (X2s)n>0, which is determined by ([L35).
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Remark 1.9. Results similar to Theorem have been recently proved in [4]. However, our
framework covers more general tamed Euler schemes, our assumptions are weaker, and in our
Theorem we provide a proof of the contractivity result for the tamed Euler scheme (which in
[4] is stipulated as an assumption); see [4, Theorem 5 and Theorem 7| for more details. For a
recent discussion on the problem of quantifying long-time approximation errors for a large class
of stochastic processes, the reader may also consult [28].

The content of this paper is arranged as follows. In Section 2 we show that the classical Euler
scheme, the tamed scheme, and the truncated Euler scheme can be reformulated respectively
as three representatives of the modified Euler scheme (L4). Moreover, as far as three schemes
mentioned previously are concerned, the contractive property of the mapping 7%, and technical
Assumptions (H;) and (Hs) are examined in Section 2l By construction an appropriate refined
basic coupling, we complete the proof of Theorem in Section Bl Based on an examination of
the Lyapunov condition in the semigroup form concerning the modified Euler scheme, the proof of
Theorem [[.4is handled in Section [ via the refined basic coupling as well. Through an application
of the coupling by reflection, the proof of Theorem is completed in Section Bl The last section
is devoted to the proof of Theorem on the basis of the asymptotic coupling by reflection.

2. VERIFICATION OF (L3), (H;) AND (Hy)

This section is devoted to showing that the classical EM scheme, the tamed EM scheme, and the
truncated scheme, as three typical representatives, are special cases of the stochastic algorithm
(C4). In addition, we demonstrate that the contractive property (L3, and Assumptions (H;)
and (Hy) can be fulfilled by the three aforementioned schemes.

2.1. The classical EM scheme. It is well-known that the classical EM method works merely
for SDEs with coefficients of linear growth. So, in this subsection, we shall assume that the drift
b is globally Lipschitz but dissipative in the long distance. In detail, we shall suppose that

(B,) there exists an L > 0 such that for all z,y € R?,
|b(z) —b(y)| < Llz — yl;
(By) there exist constants R > 0 and Kg > 0 such that for all z,y € R? with x € B§ or y € B%,
(@ —y,b(x) = b(y)) < —Kglr —y[”.
The classical EM scheme associated with ([L1]) is given as follows: for § > 0 and integer n > 0,
(2.1) stnﬂ)é = X5+ b(X)5)6 + 6201,

where (§,),>1 are d-dimensional standard Gaussian random variables. Concerning the EM scheme
above, we examine (I3)), (H;) as well as (H,), separately. Once we take 79 (x) = z, which

satisfies ((L3) trivially, and subsequently choose ¥’ (x) = b(z), (LJ) goes back to (). Due to
70 (z) = 2 and b (z) = b(z), (Hy) with K} = Kp follows from (Bs) right away. In addition,
by virtue of (B;) and (By), it is easy to see that for all z,y € R,

(@ —y,b(x) = b(y)) < (L1 eBniniyesa) T Krlwengopengy) v — yl.
Whence, (H;) is verifiable for any ¢ € (0, 1].

2.2. The tamed EM scheme in Subsection [[.4] satisfying Assumptions (A1) and (A2).
Below, let 0y = (L3/(2L4))5 A1 for 6 € (0,1/2) and set & € (0,8o]. As for the tamed EM scheme
(C35), we can take 7% (2) = z so evidently (L3) holds true. In terms of the definition of b
introduced in (L34)), it is easy to see from (A;) that for any 6 € (0,1/2) and z,y € R,

b(x) — bly) + 0°(b(x)(lyl) — b(y) ()]
L+ 6%(p(l]) + @(lyl)) + 0% (|2])e(ly])

(L1 V Lo) (1 + e(l2]) + ¢(ly]) + 0°e (=D (lyD) | — ]
- L+ 8% (|]) + ¢ (lyl)) + 62 (e (lyl)

69 (@) = b9 ()] =

Lz yeBry
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L LoV L) (9" + 8"(pz]) + 2 (lyD) + e llzDe(yD) e —yl, )
1+ 8% (fel) + (IyD) + el o) FERRER
Therefore, (H;) holds true for 70 (z) = 2, Cr = (Ly V Ly)(1 4+ ¢(R))?, and Kr = L1 V Lo.
Again, by invoking the definition of b, we derive from (A,) that for all z,y € R? with z € BY
ory € By,
(= y,00(x) =0 (y))
_ (@ —y.b() = b(y) + 8 (b(=)e(ly]) — bly)e(|z)))
L+ 8%(p(lz]) + @(ly])) + 8¢ (|z))e(ly])
(L5 = Lad®) (1 + (l2]) + @(ly]) + Lsd®(|z))e(|y])) lr — yI?
B 14+ 6%(e(l2]) + @(lyl)) + 6* @ (| z[)e(lyl)
(07 +0°(e(lz]) + #(yl) + 0*e(jzDe(ly)) Iz — yI*
1+ 6%(e(l2]) + @(ly])) + 8¢ (|z))e(ly])
where in the second inequality we used the fact that L,6° < L3/2 for any § € (0, ). Note that,
for any ¢ € (0,8] and r > 0, (6 +7)/(1+7) > (6°+ %) /(1 +7) = 6°. Whereafter, we infer that
for all 7,y € R? with # € BY or y € B,
(=60 ) ~ B0 ) < ~((La/2) A L)l — yl*
Consequently, (Hy) for K}, = (L3/2) A Ls is verifiable.
Below, an illustrative example is set to show that both (A;) and (As) can be validated.

Example 2.1. Let U : R? — R be the double well potential, which is defined by U(z) =
Hlz[* = 1|z|?, and set b(z) := —VU(z) for z € R™ It is easy to see that b(z) = —|z|*z + z. Via
the triangle inequality, there exists a constant ¢; > 0 such that
[b(x) = b(y)| < | =yl + |[2]*z — [y[*y]
(2:2) <z =yl + |zPle =yl + |2 = [y[*] - ly]
<a(l+le+yP)le -yl zyeRY

S —((L3/2) N L5)5_0 X

and moreover there is a constant ¢y > 0 such that
b(@)lyl* = b(y)|2*| = [(=|2[x + 2)|y* — (=|y[Py +y)|=]’|
< |aPlyPle =yl + [alyl* -yl
< (lePlyl” + l=[(ly| + |2]) + |2[*) ]2 = y]
< (L4 |2 + [y + |2Ply[*) |z — yl, 2,y € R

Hence, we conclude that (A;) with ¢(r) = r? is satisfied.
Next, by invoking Newton-Leibniz’s formula, it follows that for any z,y € R¢,

(x —y,b(x) = by)) = |z — y|* = (x —y, |2’z — [y[>y)
—lo =y = [ fole =yt sl = )Pl + oo - ) ds
:m—yﬁ—zl<x—%y+4x—wfds
(2.3) —L|y+4x—wfmw—yf
<lz—yP = (lyP+ y,z —y) + |z — y|*/3) |z — y|?
= (1= 5 (1l + P = (2, 9)) )l — P

1
< (1= (2 + 1yP) )l — ol
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where in the first inequality we dropped the first integral (which is non-negative) in the third
identity and in the last inequality we used the fact that

1
[ + [yl = (z,9) = 5 (| + [vP) ;

moreover, for z,y € R,

(@ =y, b(@)yl* = b(y)|=[*) —y.alyl* = ylal) — |z — yPlaf*ly[

—= <x‘
= |z —yPlyl* + (@ — v, ) (y* = |2*) — |2 — y Iyl
< (lzllyl + 2ly1M)z = y* = |=[*[y]*|z — yI*

1 )
< (Gl 310 o = o = aPlyPle - ol

As a consequence, (As) is also reachable with (1) = r2,
We note that, by following the preceding procedure, both (A;) and (A,) are still valid for
b(x) = —VV (x) with V(z) = |2|?? for 8 > 1, which has been investigated in [?].

2.3. The truncated EM scheme. In this subsection, we intend to show that the truncated EM
algorithm, which was initiated in [23], can also be incorporated in (L2). Likewise, we assume
that b is locally Lipschitz continuous and partially dissipative. More precisely, we suppose that

(Cy) for any r > 0, there exists a strictly increasing and continuous function ¢ : R, — R, such
that for all x,y € B,,

[b(z) = by)| < @ (r)lz —yl;
3 fo— c c
2 ) ) )
(Cy) there exist constants R, Kr > 0 such that for all z,y € R* with = € B§ or y € B,
(@ —y,b(x) = b(y)) < —Kglr —yI”

We still take b given in Example 1] as a typical candidate. From (2.2I), we conclude that
(C1) holds true with ¢(r) = ¢;(1 + 2r?), which obviously is strictly increasing and continuous on
the interval [0, 00). Moreover, with the aid of (Z3)]), it is easy to see that (Cy) is valid for some
constant R > 0.

In spirit to b defined in (I34)), it consists essentially in modifying the original drift b so the
amended version can be dictated. To this end, we define the following truncation function: for
any 0 € (0,1/2) and 6 > 0,

1
(2.4) 7 (z) = m(m AN (67%) e gas0y, @ € RY,
where ! means the inverse of ¢. With the truncation function 7 above at hand, the truncated

EM scheme associated with (LI]) can be presented in the form below: for any 6 > 0 and integer
n >0,

(2.5) Xoinys = T (XE5) + b(r® (X24))6 + 62601,

in which (§,),>1 are d-dimensional standard Gaussian random variables. As a result, by choosing
b® = b in (L2), we reproduce the variant (23] of the truncated EM scheme explored initially in
[23]. In literature, the truncated EM scheme is also termed as the projected EM method; see, for
instance, [I].

To begin, we show that the truncation mapping defined in (24)) is contractive. Indeed, by the
Cauchy-Schwarz inequality, note that for any § > 0 and z,y € R,

@ —yl” = (7 (@) = 7D W) = | = (J2l A~ ()" + [yl = (Wl A0 (57))
(2.6) = 2(Jal - |yl = (=] A o™ ()Yl A 0™ (677)
=: A(x,y,0).

2
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On the one hand, the contractive property ([L3)) is fulfilled due to A(x,y,d) = 0 for any x,y € R?
with |z|,|y| < ¢~ 1(67%). On the other hand, a direct calculation shows that for x,y € R? with

lyl > o H(679),
Az,y,8) = (Iyl — (=] Vo (07 (Iyl + =] v " (67%) — 2|=]).

In particular,
Ay, ) = 4 W=7 )l + 97107 = 20al) 2 0, o] <¢7107), Iyl 2 7H(07),
(lz] = ly)* = 0, 2], [y = ¢ (077).
Then, by taking advantage of the symmetry concerned with the variables x and y, we conclude
that (I3) is also valid for any z,y € R? with |z| > ¢ ~1(67%). In brief, the contractive property
([C3) is provable for 7° defined in (Z.4)).
Notice from (C;) and the contractive property of 7° that for any § > 0, and x,y € R,
[b(7 @ (2)) = b(x @ (y))| = [b(x () = b7 Y)] (Lizyenn) + Lisengiopens))
< (PR yenay + 0 Linengiopensy) o =yl
Hence, we infer that Assumption (H;) holds true with Cr = ¢(R), Kr = 1, and any § > 0.
Below, we set §y := cp(R)_% A1l. By invoking the strictly increasing property of ¢(+), it is ready
to see that for any x € R? with x € B% and ¢ € (0, &y,
7 (@) =[] Ap™H87%) 2 fa| A6 ) 2 R.
Based on this, we thus deduce from (Cs) that for any x,y € R? with x € B or y € B%,
2
(7O (@) =7 (y), bz (2)) = b(xV(y))) < —Kgr|x®(z) =7 (y)|".
This obviously yields that (Hy) is valid.

3. PROOF OF THEOREM

In this section, we aim to implement the proof of Theorem Before that, a series of prelim-
inary work need to be done. In the first place, we introduce some notations. Since, for each fixed
r € RY v,(dz) is absolutely continuous with respect to v(dz), the Radon—Nikodym derivative,
written as p(x, z), exists so

Cp(de)  (2m) T2 (e P2 A emlemal2)
(3.1) plx, z) = 02 )2 P2

€ (0,1, z,z€R%
Furthermore, we set for a threshold x > 0,
K
(.T)R = (1 VAN m)x]lﬂm#o}, r e R

Let (Un)n>1 be a sequence of i.i.d. random variables, carried on the probability space (§2,.%,P),
distributed as uniform distributions on [0, 1], and independent of (&,)n>1.

With the preceding notations, we define the following iteration: for n > 0,
(3.2)
(X?nJrl)& = Xns + 026011

) _ e - 76
Y(n+1)6 = Yo+ 51/2{ (gnﬂ +0 1/2(Zn5)n)11{Un+1S%p(%*l”(?ia)mﬁnﬂ)}

(&1 = 672(Z05))

X ]1{%p(*571/2(iga)mgn-kl)SUn-ﬁ—lS%(P(*571/2 (225)n75n+1)+p(571/2 (Eig)mgn-ﬁ-l))}

L +5"+11{%(p(—é—W(fm,sn+1>+p(6—1/2(fzamsn“))ngnﬂsn ’

(3.3) X0 = a (X2 + 0O (rO(X2))6 and VY= 7O (V) + b0 (x@ (V).

mn
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Below, we elaborate the underlying intuition concerning the construction of the coupling process
(X5, Y ), 50, which will be examined in Lemma B2
Remark 3.1. To describe clearly the intuitive idea lay in the construction of the coupling process,
we consider the one-step version of [3.2), i.e., for all x,y € R,
(X3 = 3 1 512,
v =50+ 02 { (6 + 072 L egpoiienan + (6 = 02

(3.4)
XL p(-57172(29) 1)<V <L (o612 (39) . 0) +0(6- V2 (39).60)))

\ L (o(-0-1/2(20) ) 0071/ 1)< <1)

where 2° := 29 — 7 with 2° := 7 (2) + b (7 (2))d for z € R?. The coupling given in (B4

is inspired essentially by the refined basic coupling proposed in [19] for SDEs driven by additive
Lévy noises. More precisely, for the given initial value (z,y), the random variable & is drawn to
describe the fluctuation of X?; In case of |2°| < k, with half of the maximum probability (i.e.,

y,(;_l/zgg(dz)), Xg and Yy meet together; with the other half (i.c., $v5-1/225(d2)), the distance
between X and Y} is doubled with contrast to the original distance, which also plays a crucial
role in guaranteeing the marginal property; with the remaining mass (1 e, v(dz)—sv_s-1/25(d2z) —
21/5_1/2Z5(dz)), X? and Yy move forward synchronously. Additionally, we would hke to emphasize
that the involvement of the threshold k is indispensable. In particular, it can provide some
uniform lower bound of the positive coupling probability; see the estimate ([B.8) below for more
details.

To begin with, we show that (X5, Y'%),>0 determined by ([B:2)) is a coupling process of (X%5),>0,

i.e., both (Ym;)n>0 and (X0%;),>0 have the same transition probabilities if they are initialized from

the same starting positions.
Lemma 3.2. For d,x > 0, (X2, Y )50 is a coupling process of (X2s)n>0-

Proof. Let P be the law of (X5, Y%),>0 and E be the corresponding expectation operator under
P. To show that (X2, Y.%),>0 is a coupling process of (X’5),>0, it is sufficient to verify that for

no?’

all f € By(RY) and any integer n > 1,

(3.5) E(f (Vo) | (Xa-vyss Yin1ps)) = E(F(X0) | X0-0).
Recall that (£,)n>1 (resp. (U,)n>1) are ii.d random variables and (,),>1 is independent of
(Up)n>1. Hence, in order to achieve (B.5]), via an inductive argument, it is essential to verify

w@y)
(3.6) EVS(Y5) =E(f()|(X0.Y5) = (z.9)) = E(f(X5)] X5 = ).
Indeed, since &; with the law v(dz) is independent of the uniformly distributed random variable
Uy on [0, 1], we derive that

E“Y f(v)) = %/R F@ 4672 (w4 67Y2(2))) visoro ), (du)
+ %/ j'"(@Ys + 612 (u — 571/2(36)14)) Vs-1/2(z9, (du)
Rd
[ 1@+ ) (vtaw) -
R4

1
51/_5—1/2(;;5)'_€ (dU) - §V5—1/2(56)K7/(dlb)> .
For the first integral and the second integral above, via change of variables u — u — 6~ /2(2?),
and u — u + 6 Y/2(2%), respectively, in addition to v_,(d(u — 7)) = v,(du) for z € R?, we find
that

—(a, 1
B 500 = 5 [ 1@ +07%0) v, ()
R

1

+§/Rdf(3/f—|—5l/2 )I/ 5—1/2(z9) (dU)
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1 1
+/ F(@ + 0Y%u) (I/(du) — SV_g-1/2(z9), (du) — SVs-1/2039) (du))
R4 2 2
= / F(@ +6Y2u)v(du).
R4
Therefore, ([3.6) follows directly. O

Lemma 3.3. Assume ([L3)), (Hy) and (Hy) hold. Then, for any § € (0, 1] with §; being given in
(C3) and integer n > 1,

E(‘Xg(; 6” (n— 1)67Yv(n 1)6 )) - |X€n71)5 - Yv(?mfl)(g‘

(3.7) 1
* 4 0
< (CRéﬂ{\an De=Y0,_1sl<2R} —K 5]1{|X(n - &_1)5\>2R}>\X(n71)5 — Y 1ysl-
Moreover, for any ¢ € (0,01], kK > 0, and integer n > 1,
_ 1 _
(3.8) E (1 (xt,-v5,3| (Xt Yor19)) = 57 (50777)

if X015 = Y15l < 5/(1+ Cr).
Before we proceed, we make some remarks on Lemma [3.3]

Remark 3.4. Inequality (B.7) characterizes the drift condition for the scheme (L4]). Particularly,
it shows that the algorithm under investigation does not need to be dissipative in the short distance
but dissipative merely in the long distance. Inequality (B.8)) reveals that, for any fixed n > 1,
X9 s coincides with Y% with positive probability when the distance between the previous values
X0 (n—1)6 and Y(nq) s is small. Furthermore, we would like to stress that the incorporation of the

threshold & is indispensable. Since the support of Gaussian measures is R?, it would be quite
natural to take the threshold x = co. Unfortunately, once we take k = 0o, the right hand side

of (B) should be reformulated as 1J(5~1/2(1+ C’R)|X(n 1) Y(‘; 1y51), see the proof of (B10) in

Lemma[3.3] However, this quantity might approach zero when 0 goes to zero, even if the distance
| X0 (n—1)6 (‘:Lfl) s| is sufficiently small. Whereas, by choosing appropriately the critical point

(e.g., k= 51/ %), the number on the right hand side of [3.8) is strictly positive even if the step size
decays to zero. This shows the importance of setting the threshold x < oo.

Now we move to finish the proof of Lemma 3.3

Proof of Lemma B3 In order to obtain (3.1) and ([B.8)), it suffices to show that for any ¢ € (0, d;],
and z,y € RY,

—(ZB, ) —
(3.9) ETVIXG V5| = E(1XF = Y7 (X0, Y5) = (2.9)
. 1 .
< <1 + CroLja—yi<2r) — éKRéﬂ{\l‘*yb?R}) [z =y,
and for any 6 € (0,0], k> 0, and z,y € R? with |z — y| < k/(1 + Cg),

1
)]]'{X‘S Y‘S} 2 (/{5_1/2).

In the sequel, we shall fix (X¢, YY) = (z,y) and stipulate ¢ € (0, ;] so that
(3.11) 1-2K56>0 and Kj— Kzd'™2>0.
From (B.4), it is easy to see that

(3.10) P (X0 =) =E"

) () =0
(3.12) Xs = Y5 =2 = (Z)slivy<dp(-s-12(0),00))

~0
+ (B )L (Lo 5-1/2(59) 1) <UL <L (o5 /2 (B 2) 4 p(5 /2 (B9)s1))]
Whence, we find that
1

_(‘Tv )
E°NX2 = Y7 | =< |20 = (B)u|v_s-12020). (RY) +

5 ‘/2\6 + (?)H‘V(S—l/Q(QJ)N(Rd)

DO | —
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14
o) 1 d 1 d
+ |Z |(1 - 51/75—1/2(35)”(1& ) - 51/5—1/2(35)”(1& ))
1 12| A K
I’ 35 1— Tﬂ{\?#o} 1/7571/2(35)N(Rd)
2 2
1 12| A K
-+ §|26‘ (1 —+ W]lﬂgé#o}) V571/2(35)N(Rd)
20 1 d 1 d
-+ |Z |(1 — 51/_571/2(56)&(]:& ) — 51/571/2(;;6)&(]:& ))

This, besides the fact that v, (R?) = v_,(R?) for all u € R?, yields
(3.13) E™ X3 Y7 = |2
By utilizing (L3)), (H;) as well as (Hy), we deduce that
217 = |7 (z) = 7O ()] + 2 (5)( ) = 7O (y), 6 (7 (2)) — (7 (y)))o
+ ’b(é)(ﬂ'(é)(l‘)) b (7 ’ 52
< (1+Cd) o — y\Qﬂ{mvyeBR}
+ (1= 2K50) |7 () — 7D ()] + K282 DNz — y*) Lpens jogens)
As a consequence, making use of (L3) again, along with (B.I1]), implies that
P < (14 Crd) =y ey
+ (1= K36 — (K3 — K262)6) |z — y? 1 ens juyens,)
<(1+ 035) 2 — y* Layenqy + (1 — Kid) |z — Y Ligens juyens,}-

(3.14)

Subsequently, the preceding estimate, accompanying with the inequality: (1 — r)2 <1-—1r/2 for

all r € [0, 1], enables us to derive from (B.I3)) that

_(‘Tv ) *
E™7|X2 = YP| < (1+ Cro)lz — y[ayenny + (1 — Kid/2) |2 — yl1 wepsjoryens,)

1 *
< <1 + CrOL{jz—y|<omy — §KR5]1{|$*3/|>23}) |z =yl

As a result, ([39) follows immediately.
By invoking (BI4]) once more, we directly have for ¢ € (0, 1],

2] < (1+ Cro)lz — y| < (1 + Cr)l —yl.
This thus implies that 2° — (2°), = 0 for any z,y € R? with |z — y| < /(1 + CRr). Whereafter,
by taking advantage of the fact that [0,00)  r +— J(r) is non-increasing, it follows from (B.12)
that for any z,y € R? with |z — y| < /(1 + Cr),

L]( 5 1/2)

(\V]

—(, 1

]P)( y) (Xg e }/66) Z 51/—671/2(%\6)n(R )

Therefore, the assertion (B.8)) is attainable. O
With Lemmas and at hand, we are in position to complete the proof of Theorem [L.2]

Proof of Theorem [L.2. For the quantities ¢,,a > 0, defined in (LI3)), we define an auxiliary func-

tion and an associated metric function as below:

f(ry=1—e"+ c e 2he

r, 1 2>0;

and
pi(z,y) = alipzy + f(l2 —y]), z,y € R™
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Note that the metrics p; (defined in (L)) and p; are comparable. Indeed, since c,e 2R <
f'(r) < c.(1+ e 28) for all r > 0, we see that for all z,y € R,

min{a, c.e " }pi(z,y) < pi(2,y) < max{a, e.(1+ ™) }pi (2, y).
Therefore, it is sufficient to demonstrate that for any § € (0,6,], z,y € R?, and integer n > 0,
(3.15) Wj, ((ZX%I,ZXZ?) < e M5 (z,y).

From (BI5), we can obtain (LIl) with C} := max{“’c*(lte;ic;)}.

min{a,c«e
Trivially, (315) holds true for the case z,y € R? with = y € R% So, in the analysis below,
we assume (X9, YP) = (z,y) with x # y. From Lemma 3.2 in addition to the tower property of
conditional expectations, it is easy to see that

Wi, (Lo Zyoy) B 51(X05, Vi) =BV (B (0u(X35, Y (XEuosr Vi) ).

Further, recall that (&,),>1 (resp. (Uy,)n>1) are i.i.d random variables and (&,,),>1 is independent
of (U,)n>1. As long as there exists a constant A € (0,1) (whose exact value will be given at the
end of proof) such that for any d € (0, d1],
(3.16) E“5(X0.Y)) < (1= 20)pi(x.y).
then performing an inductive argument yields that
(@)~ -
E""51(X05 Yo) < (1= 20)"p(x,y) < e M pu(2,y),

where the second inequality is available due to the basic inequality: ¢ < "=V for all r,a > 0.
Therefore, to achieve the desired assertion (B.15]), it remains to establish (Bjﬂ)

In the subsequent context, we shall choose the threshold x = §'/2. According to the definition
of p1, we have

PX3YY) = Pal,y) = —al s ysieop + FIXS = Y7]) = f(lz = y)).
Thus, since for any r > 0,
fir)y=c(e ™ +e M), f'(r)=—ce ™" <0 and ["(r)=cle " >0,

Taylor’s expansion enables us to derive that

=(@y) ~ ~ (@y)
E yp(X(S)}/S)_pl(xay)S_a']P) y(X((SS:Y;S&)
e (e,c*\%y\ + e—2Rc*) <E(x’y)\X§ R y|)
1 —cCx|z—
(3.17) - 5cze ol

=(z,y) 2
! <(\X5 Y7 =l —yl) 1{\x§—y§\<|mfy|})
1
= (6, k,x,y) + [(0, K, x,y) — icze’c*”’y'[g(é, Ry X, Y).

Hereinafter, for three cases based on the range of values of |x — y|, we shall estimate terms I, I,

and I3, to reach (B10).
Case (i): 7,y € R with 0 < |z—y| < 7o := 6'/2/(1+Cg). Obviously, we have §'/2/(1+Cg) < 2R
due to R,Cr > 1 and § € (0,1]. In the present case, in view of (3.8) and x = §'/2, one has

L0, k,x,y) < —%aJ(l).

Next, by virtue of (1) and |z — y| < §'/2/(1 + Cg), we find that for § € (0, 1],
L0, k,z,y) < C*Cgé(e*c*”*y' + e*2Rc*) r —y| < 2c,.

Whereafter, taking the estimates on I; and I, into consideration, as well as I3 > 0, yields

z, - 1 1
(3.18) E™Y 51 (X0 Y) = il y) < —5aJ(1) + 2. < —ZaJ (1),
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where the second inequality is available by taking advantage of the definition of a in (LI3]).
Furthermore, in the present case |z — y| < 2R, by invoking the fact that max,>ore™" = 1/e, it is
immediate to see that

(3.19) pi(z,y) <14 a+2Rc.e 2 < a+ 2.
As a consequence, we deduce from (BI8) that for 6 € (0, 1],

B0 Y)) < (L= M), )
where Ajp = 228 < (0, 1).

~ 4(a+2)
Case (ii): z,y € R? with ry < |x — y| < 2R. Concerning such setting, notice from (3.7) that
(320) [2<57 K, T, y) < C*CRd(eic”miy' + ei2Rc*) |.’,U — y‘ < 4C*RCR5670*‘33*?J‘.

Next, from (3I2) and x = 62, in addition to the non-increasing property of the mapping
[0,00) 3 7 — J(r), we infer that

1 2
I3(0, 5, 2,y) 2 S (12] = (5 ALZ']) = o = y1) D gs)—enfziy<lo—yy Vos-1/2(29), (RY)
1 2
> §(|36| —(kAIZ)) = |z —yl) L g2 = (enjzo)) <fo—yy (1)

In view of ([B.I4), it is easy to see that
12°| < (14 Créd)|z —y| < |z —y| + 2RCRI.
This enables us to obtain, since x = §'/2, that

2] = (6 A 2)) = |z =yl = —|o — Y| z1<ny + (12°] = 2 — y| = 6) D gzsp5y

< |z =yl + (2RCRO = 8% Lasyoy
1
< —lz—y[Lyzsi<ny — 551/21{\2‘5|>n}
51/2
< _77
— 1+Ckg

where the second inequality is valid due to § < (4RCg)™2 for § € (0,6;], cf. (LI), and the last
display is true by exploiting /2 /(1 + Cg) = ro < |z —y| and C > 1. Consequently, we arrive at

J(1)o
(3.21) I35, k,x,y) > m.

This estimate, combining ([B.20) with /; < 0 and the definition of ¢, in (LI3), yields
E“Y5.(X2,Y?) — pil(a,y) < —ARCpe.e 2Res,
Accordingly, we obtain from ([3I9) that
E“5(X0.Y7) < (1= Aud)fu(a.v).

where \jp := w € (0,1) by noting that 2Cg/(a + 2) < 1 owing to a > 2Cp.

Case (iii): z,y € R? with |z —y| > 2R. Note that ([3.7) implies that E(I’y)|X§S Y| —lr—y| <
—%K}}ﬂx — y|. Hence, using e~ 7= > 0 in the bound for 15, and due to I; < 0 and I3 > 0, we
deduce from ([B.I7) that

E(w,y)ﬁl (Xg’ Y;{s) — iz, y) < e (efc*|mfy| + e—ch*) (E(a&y)p(g _ Y;{S\ — |z — y\)

1
< —in‘%éc*eszc*

z—yl.
This implies that
E“YR(XEY0) < (1= Msd)u(e, ),
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Rex K}e’QRC*

25— Indeed, since for z,y € R? with |z — y| > 2R,

1
r—y|l < <a;}_% + 6*6_2R6*>

x—y| < =A\izdp1(z,y) for |x — y| > 2R by making use of the fact

where A3 =

pr(w,y) Sa+ 1+ ce

x_y|a

we observe that —Kf%éc*e*mc*

that
1 K3 Re,e28er
K> C*efﬂ%c* T — < _ R * -~ T
2 R ‘ y| = a+1+2Rc*e—2RC*p1( 7y)
and max,>ore " = 1/e < 1. Furthermore, we notice that A\;3 € (0,1) since a > Kj, and
max,>ore " = 1/e < 1. To summarize, based on the analysis above, ([B.I6]) is available by taking
)\:)\11/\>\12/\)\13. U

4. PROOF OF THEOREM [ 4]

Before we start the proof of Theorem [L4], we first claim that (X°;),>o satisfies the Lyapunov
condition in the semigroup type.

Lemma 4.1. Under Assumptions of Theorem[L4, for any 6 € (0,0s] and any integer n > 0,
2 *

(41) E((1+ X sl ) [X25) < (1= K5/2) (14 X5 + o

where ¢o > 0 was defined in (LIF).

Proof. Below, we shall fix § € (0, §5] so that
Kr
K%%(Sl_%
From (H,) and (Hy), as well as 7(®(0) = 0 and ([£2)), we deduce that for any = € R%,
Az): = ’71'(5) (:1:)’2 + 2<7r(5) (x), Q) (71'(5) (:1:))>5 + }b(‘s) (71'(5) (x))}zéz
< (|2 + (1 + 205 +20%)|2[20 + 3(65)*0) Lizepy

(4.2) 1-2K50>0 and —1>¢g =22 1.

1
+ (1= 2K50) 7@ @) + S Kilef0 + (14 20) Ko%=

(4.3) + (1+1/e0 +2/Kp) (béw))25>1{w63§}
< (1= Kpo/2)|a* + ¢16) Lpeny
1
+ (1= 2K50) |70 @) + SKRlT[0 + (14 20) Ko%=
(14 120 + 2/ K3) (867)"0) Laengy
where ¢; := (14+2Cr+2C%+ K5 /2)R? +3(bg°°))2. Subsequently, combining (4.2) with (£3) and
|70 ()| < |z| yields that
A(@) < (1= ER6/2)[2” + 16) Lizeng)
+ (1= KRo/2)|a|* + c20) Ljaeng),
where ¢ := (1+ 1/e0 + 2/K},) (b(()oo))2. Therefore, we have that for any x € R?,
Az) < (1 — K56/2)|z]* + (1 V )0,
This, along with (I4]), gives that
2
E(’stnﬂ)a’ ’Xg(s) = A(XD5) + 5E(|€n+1|2}Xg5)
< (1= K5Rs/2)| X217 + (c1 Ve + d)d,

where in the identity we used the independence of (&,),>1 as well as E§, = 0, while in the
inequality we employed the fact that E|¢,|? = d. As a consequence, [{J)) follows immediately. []
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Now, we make some comments on Lemma E1

Remark 4.2. Note that the constant (i.e., ¢yd) involved in ([T is linear with respect to the
step size d. This fact plays a crucial role in the construction of the set D, introduced in (LI7).
Suppose the constant ¢ is replaced by a number, still written as ¢y, which is independent of the
step size d. In this case, by inspecting the proof of Theorem [L4] below, one will take the set D
that is dependent on the parameter ¢ (so we can write it as Ds). Unfortunately, the diameter
of Ds goes to infinity as the step size § approaches zero, and the corresponding Ao in (L2]]) is
also dependent on 9. Unfortunately, Ay tends to zero when 0 goes to zero so there will be no
convergence rate.

Concerning the tamed EM scheme for overdamped Langevin SDEs, by invoking the logarithmic
Sobolev inequality for Gaussian measures, |2, Proposition 3| examined a Lyapunov condition in the
exponential form. In contrast, in Lemma [£1] we confirm a Lyapunov condition in the polynomial
form for a wide range of approximate schemes. Moreover, our proof is much more succinct.

With the help of Lemma [4.J] we proceed to complete the
Proof of Theorem [L4l. For a,e, > 0 given in ([20), define the following distance function:
pa(w,y) = (a+ &2+ |2 + [y[*) Lagyy + h(lz —y[ A (1 +70)), z,y €RY,
where
h(r):==1—e*", r>0

with ¢, > 0 being introduced in (LI9). Note that the metrics py and py are mutually equivalent.
Therefore, in order to prove the desired assertion (L2I]), it suffices to show via an inductive
argument that there exists A € (0,1) such that for any § € (0,05}, any integer n > 0, and all
z,y € R? with o # y,

(4.4) EY 5 (X3 YP) < (1= Mnd)pa(a.y).

where (X?,Y?) is determined by ([B.2).
In the following, we assume z,y € R? with 2 # y, and fix § € (0, J,]. By following the reasoning
of (BIT), we derive that

E(m,y)ﬁz(X:sS’ Y;g&) N ﬁZ(xa y) < —a@(Ly) (Xg _ }/66) + C*e—c*(\x—y\/\(l—I—r'D))
% (E™(1X7 = Y| A (L470) = (o =yl A (1 + 1))

1
— Sl

4.5
Y x B ((1X3 = VI A (Ut rm) = (= o] A (14 70)))’

X ]l{IXf;S—Y(s‘S\/\(1+r93)<\x—y\/\(1+7"93)})

€y i

5 (= KR+ [2* +[y[*) + 4co)d.

Case (i): o,y € R? with 0 < |z — y| < 1y := 6"/2/(1 + Cg). Concerning this case, by invoking
B8) and k = 6/2, we deduce from (X)) that

+

T\TY) A~ -~ 1 —ci(|Jz— e L
B 3a(X3,Y9) = Pale,y) < —5aJ (1) + e (oot (B0 - yf) — o — )

6* *
+ 5 (= K@+ |2 + |yI*) + 4co)

< —aJ1) 4+ cp+ 52—*( — K52+ |22 + [y]?) + 4c)6

1
< —50J(1) = SKpen 2+ e + [yP)s,
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where the first inequality is valid due to rq < 1 + rp, and the third inequality is available by
taking the definition of @ into consideration. Thus, by noting that for all z,y € R,

(4.7) Pz, y) <a+ 1462+ |z + |y

and that K56 < 4‘zi$1)) for any d € (0, ds), we arrive at

—(:L‘, )/\ * -~
E™ 5 (X2, YY) < (1 - K33/2)pa(,y),

where 1 — K30/2 > 0 for any § € (0, do].
Case (ii): z,y € R? with 79 < |z — y| < 1+ rp. In this case, we obtain from ([B3) and (HH)
that

T\ Y) o~ ~ —cxlz— 1 —cxlz—
E™5a(X, V) = ol y) < eue™ 7 Cla — o — SeZemolr

—(:L‘, ) 2
x EY ((\Xg Y7 — |z —y)) ]1{|X§7Y5‘5\<|mfy|}>

6* *
+ 5 (= KR+ |2 + [yl) + 4co)

S C*e—c*|$—y| <CR(1 + T@) o 4 J(l)c* )2)5

(1+Cr
+ S (— Kn(2+ 2l + [yl + 4e0)d
J(1)c2e—e-(Hro)s ¢, 5 )
< — x —(— K5(2 4cg)d
= 8(1+ Cp)? T 9 ( 72+ |2 + [yl?) + 4co)

1
= —200CeE40 — §K}§5€*(2 + |z|* + |yl?),

where the second inequality holds true by making use of ([B:21l), the third inequality is verifiable
thanks to the definition of ¢, in (L.I9), and the identity is valid owing to the definition of ¢, in
(C20). Next, by means of the definition of a given in (L20), we evidently have

2C0C4E4 1 K
a+1 2

This, together with (L7, leads to
E™5(X3,¥5) < (1= A20)ala, ),

where Aoy := 262%5* € (0,1) by taking advantage of the definition of a.

Case (iii): z,y € R? with |z — y| > 1 + rp. Regarding this setting, one trivially has
1
deg < 5K};(2 + |z]* + [y]?).
Whence, combining (L5]) with the fact that h is increasing gives that
E“5u(X0.Y7) = pale,y) SEVR(X] = Y9I A (Lt 7o) = h(1 4 7o)
€ *
+ 5 (= KR+ [o* + Jyl") + o)

1
<~ Khen(2+|af? + [yf)9

1 1
< —1Kied = SKqe 2+ |2 + [y)s.

The above estimate, in addition to the fact that £,/(1 4+ a) < 1/2 (owing to the definition of a)
and (A7), ensures that
E“"5(X0 ¥9) < (1= das)al. ).

Krex
4(a+1)

in which Ay3 := € (0,1) by taking the definition of a into account.
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Finally, the assertion (4] with X\ := Ag; A Moo A A3, where Aoy 1= %K}}, follows by summarizing
the analysis above. 0

5. PROOF OF THEOREM

The proof of Theorem [L.is also based on the coupling approach. For this purpose, we construct
the following iteration procedure: for any d, x* > 0 and integer n > 0,

Xy = X5+ 026,41
(5.1) Y(n+1)5 = er(s + 51/2{ (&ni1 + 5_1/2(225%*)1{Un+1§p(_571/2(2g5)ﬁ* ni1)}

2]
H(Z505)En i1 Lo 5-12(25,) e i) <Unin<1)

Herein, Z‘ié = )?25 — ?& with )?25 and 575 being defined as in (33)), and for any z € R,

2zxT
||

(5.2) (2) == Iy — =5 L0 € R @ R,

where I, stands for the d x d identity matrix, and =7 means the transpose of z € R%. Note that
some variants of this coupling have been used to study contractivity of classical EM schemes
corresponding to SDEs with coefficients with linear growth; see e.g. in [, 22].

The lemma below provides a streamlined proof that (X?s,Y,%)so defined in (&) is a coupling
process of (X?5),>o defined in (L22).

Lemma 5.1. For any 6, * > 0, (X25,Y%)>o determined by (5.1)) is a coupling process of (X2)n>o-

Proof. As analyzed at the beginning of the proof of Lemma [3.2] in order to prove the desired
assertion, it is sufficient to show that, for (X?s, Y%)so solving (5)), equation (B:6) holds.
It is easy to see that

BV f(v)) = / F@ 482wt 072 (Z))) vgrree,. (du)
Rd

[ FE 8 PIE ) (o) = g, ()

By changing the variable u — u — 67%/2(2%).-, and using v_,(d(u — z)) = v,(du) for x € R,
along with the rotational invariance of v(dz) and the fact that the matrix II defined in (5.2]) is
orthogonal, we find that

E($7y)f(Y;S§) — / Jt(@\(s + 51/2’&) 7/571/2(36)“ (dU) + f(gé + 51/2u>y(du>
Rd Re

F@ + 6T u)v_s172(9) . (du).

Rd
Whence, ([B0) is available as soon as
(5:3) F@ +0"2u) g2, (du) :/ F@ +0PIE) v 52, (du).
R4 Rd
Indeed, since II(+) is an orthogonal matrix and II(z)z = —z for any x € R?, we have

Ju 4 6Y2(20) | = [(Z2)u + 6PTL(Z°)(20) e | = |TI(Z° ) — 6Y/2(2) - |.
Thus, via changing the variable v — II(2°)u, (5.3) follows immediately. O

In the sequel, we shall fix x* = 706'/2/2 for any § € (0, ds], where ry and 3 were defined in

(C26) and (L21), respectively.
emma 5.2. Under an , Jor any o € (0,03] and x,y € with |z —y| < ,
L 5.2. Under (H}) and (HY), f y o € (0,03] and x,y R4 th | y| < 2R
=(z.y) 2 * *
(5.4) O(z,y): =E"" ((|X§ — Y7 — |z —yl) 1{|X§*Y65|f\xfy\§751/2}> > 158212 A KT,

where 20 .= 3° — ° with ° 1= x 4+ b (2)8, and 1%,y > 0 were defined in (L20).
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Proof. For a related argument in the context of classical EM schemes, see |7, Lemma 2.7] or [22]
Lemma 3.2]. In the following analysis, we stipulate z,y € R with |z —y| < 2R and fix § € (0, 03]
so that

(5.5) R(CrV Kg)§¥/?7% < 1/2.

Obviously, (5.4) holds true in case of |2°| = 0. So, it suffices to verify (&4 for the case |2°| > 0.
Note obviously from (5.]]) that

) ) -~ -~ 251/22\5 =~
X5 =Y =2" = () Ly <p-s-12@) 60y + W<Z y E L (p(—6-1/2(29) .0 1) < <1}

Whence, we find that
2
O(z,y) > /Rd (H?\ + 251/2<35/|35\,U>} — |z — y\) ]1{||35\+261/2<%\5/\2‘5\,u)\—|aﬁ—y|§'y§1/2}

X (y(du) — V_s-1/2(38),. (du))

Let IT € R? ® R? be an orthogonal matrix such that I12° = [2°](1,0,---,0) € R% Then, applying

Jacobi’s transformation rule, in addition to |Tu| = |u| for u € R?, yields that
= 2
O(z,y) > /Rd (1221 +20"2(Z°/12°1, Tu) | — | — 1) "0 pyj25 25172 28 135 T oy <81/2)
1

X —— <e—“72 _e A e—%(lu\2+26*1/2<ﬁu,<2“>n*>+6*1|(25>m\2>) du
(2m)>

2
— /Rd (“26| + 251/2'&1’ - |$ - y|) ]]'{||26‘+261/2U1‘_|$—y|§751/2}

2 2
! <e*% —e A e*%<lu\2+26*1/2(\25\An*)uﬁé*l(\?@\AH*F)) du

X
(2m)’
2
= / (I12°] +26"%u] — | — y[) Lisi2 <2420 20/ jayi<vo2)
R

1 (efu272 — ef% A\ efé((“+5_l/2(|26|/\“*))2> du7

X 1
(2m)2
where wu; is the first component of the vector u. It is easy to see that
) - -3 ~1/2(|38| A g+
( ) (271')% 7(261/2)_1(‘26‘/\11*) {T(x 7y)+ <u<I(z 7y)+;/}

where I'(z,y) = (262)7Y(|z — y| — |2]). Next, by the triangle inequality, in addition to the
definition of 2°, we infer from (L23) that

(56) 2=z =yl < 2" = (@ —y)| < (Cr V Kr)§" |z — y| < 2R(Cr V Kp)3"™".
This, together with (B.5), yields that
0<D(z,y)+1/2<ry and I(x,y)+ /2> 2r.

Thus, by applying Fubini’s theorem and taking advantage of 6~ /2x* = r,/2 owing to the choice
of k*, it follows that

2r
O(z,y) > (25 1 / (e b I g
2

>~ / / (e2") duds
5 s—0—1/2(|29| Ak*)

= r051/2(|z | A K*
Consequently, (5.4) is available. O
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Recall that ¢* > 0 and 03 > 0 were defined in (L25) and (L27), respectively. We readily have
for any § € (0, 03],

* * * ]_ * *
(5.7) 20 < ngo, e > S Cre™ <1 e <1,
and
1 51/2

(5.8) (CrV Kp)d' ™" < . il Sl KR S Kps 1-2KG8 2 0.
For any ¢ € (0, 3], define the function

(1l —er), 0 <7 <2R+~572,

() = { L(1 = e CRIT) | Lo @RI 1 (2R 4 5112
+ﬁe—c*(2R+761/2) (1 — 6—26*(7’—(2R+’y§1/2)))’ r > 2R + 751/2,

where v > 0 was introduced in (L26]).
With the help of Lemmas 5.1l and 5.2 we proceed to implement the

Proof of Theorem [L8. The proof of Theorem [[L0]is essentially inspired by that of [9, Theorem 2.5]|.
By following the strategy to complete the proof of Theorem and noting that cor < ¢(r) <r

for ¢q := %ec*(mﬂ‘sm), it suffices to verify that for any § € (0, d5] and x,y € R? with o # y,

(5.9) E“Yo(1X2 = Y)) < (1= Msb)e(lz — y]),

where A3 := A31 A A\z2 with Agq, Ag2 > 0 being given in (L29). Then (L28) follows with C§ = 1/c.
It is easy to see that ¢ € C?(]0, 00)) such that for r < 2R + ~§'/2

(5.10) Plr)=e"" >0, ¢"(r)=—ce" <0,

and for r > 2R + v§'/2,

(5.11)  ¢'(r) = %e_c*(mﬂél/%(l +e_20*(7‘—(2R+751/2))) >0, ¢"(r) = —ce” 2r+2R+761/2)
Then, by the Taylor expansion, we derive from ¢” < 0 and ¢"” > 0 that

(5’3 (:1:
Vo(1X2 = Y1) — ez —yl) < (e — y) ETV|XE— V2]~ o —yl)
+¢"(Jo =yl + 780 (z, y),
where ® was defined as in (54). By mimicking the procedure to derive [9, Lemma 3.8], we have

(5.12)

VxS -Y) = 7).
Using (5.8) and (I23) similarly as in the proof of Lemma B3] we derive
—(a, 1 .,
(513) E( y)|)(:;S - }/56| S (1 + CRéﬂ{\x—yEQR} - §KR5]1{|J:—y|>2R}> |l‘ - y|

Subsequently, (£I3) along with (5.7)), as well as (5I0), enables us to derive that for any z,y € R?
with 0 < |z — y| < 2R,

Do(1X3 = VPI) = (lz —y]) < e (Crolz — y| — e D, y))

(5.14) )
S e ¢ |lz—y| (CR(S c (I)(ZL‘ y)) ‘SL’ . y|
2|z -y

By using (&.0]), we obviously have
2 > |2 =yl = (CrV Kp)d"|z —y].
Consequently, (5.4) and (5.8) imply that for any z,y € R? with 0 < |z — y| < 2R,

O(x, y) 1o (1 K* K* rored
<o /2 /\ *51/2 1 _ 10
oyl = ) 2 () = S
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where k* = 796/2/2. Plugging this estimate back into (5.I4) and taking ¢(r) < r for all r > 0,
and (5.7) into account gives that for any z,y € R? with 0 < |z — y| < 2R,

(5.15) E“0(1X2 = Y7|) < o(|z — y]) — Croe 2R |z — y| < (1= Aad) (|2 — y)),

where A3, := Cre 2" € (0,1) due to (B.7).
By making use of (5.12)) and (5.13)), in addition to & > 0 and ¢” < 0, it follows from (5.10)
and (5.II) that for any z,y € R? with |z — y| > 2R,

@) 1 * —c*

B (1XF —71) < ol — ) — {Kpe PR dla —y
< (1= As20)o(|z — yl),

where the second inequality is valid by noticing that for » > 2R and R > 1,

r

,
> > 9
o(r) " 1—=R+r/2 =7

and sy := 1 Kje < ) € (0, 1) thanks to (5.7).
At last, the desired assertion (0.9)) follows by combining (5.15) with (G.16]). O

(5.16)

6. PROOF OF THEOREM

We adopt the following proof strategy. First of all, we will decompose the Wasserstein distance
W, (7T, 7T5) by using the triangle inequality to estimate
Wl(ﬂ',ﬂ'(s) = W1 <ZX%,Z 5’,\.6>
né

X
(6.1) <W, (,%X%, zxgé) W, <$X2573X2§’> W, (.,%X%o, .,%Xé,;&)

=1 p1(n, ) + p2(n, 0) + ¢3(n, ).
Here (X95),>0 stands for the solution to (L)) with the initial value X, = 0, and (X°?),,> denotes

the tamed scheme (L35) with the initial value X = 0, whereas m and 7° are their respective
invariant probability measures. The term ¢;(n,d) can be bounded by employing a result from the
literature on exponential ergodicity of SDEs with one-sided Lipschitz drifts that are dissipative
at infinity; see, for example, [0, Corollary 2|. A bound on ¢3(n,d) follows from our Theorem
We will therefore focus on term ¢o(n,d), which we will bound by utilizing a coupling between
two diffusions with different drifts (Proposition [6.1]) and a uniform bound on the moments of the
tamed Euler schemes (Lemma [6.2).

To begin our work on bounding ¢5(n,d), we consider the following coupling, for any ,¢ > 0,

62) dX; = b(Xy) dt + he(|Z,))AW, + (1 — he([Z4])?)
' dY, = b (Y 1/505) At + I(Z)he (| Z:))AW, + (1 — he(|Z4])?)

12 dEta 70 = 07

V2dB, Yo =0,
where Z; .= X; — Yy; (W)0 and (By);>0 are mutually independent Brownian motions defined

on the same probability space as (W;):>0; I1(+) is the orthogonal matrix defined in (5.2)); and for
each € > 0, h. : [0,00) — [0, 1] is a continuous function defined by

0, 0<r<e,
he(ry={1—¢2>, re (g,2¢),
1, r > 2¢.

X
dominated by the error between b and b®. Note that the method of using a combination of the
reflection and the synchronous coupling similar to ([62)) has been applied in the literature in many
settings; see, among others, [0, Section 6] for applications to interacting diffusions, |21, Section
5| for bounds on Malliavin derivatives or for the study of infinite dimensional diffusions. In
the present paper we apply this technique for the first time to study tamed EM schemes.

We will now show that the L'-Wasserstein distance between (Zxo )n>0 and (ZLys0)n>o can be
s - né -
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Proposition 6.1. Under (L30) and ([L32), there exist constants Cy, Ax > 0 such that for any
integer n > 0,

nd
(6.3) Wy ("gX&;’gX‘sf) < C*/ e*A*(meS)E}b(YS) _ 5(5)(}/[3/5]5)} ds.
" 0

Proof. By noting that (W;);>o and (B;);>0 are mutually independent and that TI(-) is an ortho-
gonal matrix, via Lévy’s characterization for Brownian motions, we conclude that for any integer
n >0,

Zyné = ZX&; and D?Yné = D?X;sl,éo.
Therefore, ([6.3]) is available provided that there exist constants C,, A\, > 0 such that for any
integer n > 0,

no
(64) E\Ymg — ?mg‘ < C*/ e*h(né*ﬁE‘b(? b ( |s/5]6 ‘dS
0

where E is the expectation operator under the probability measure P, the law of (Ym;, ?n(S)nzO-
For V,(z) := (a + \:L’|2)1/2 with a > 0, it is immediate to see that for all z € RY,

1 xxT

VV.(z) = and  V?V,(r) =

x
Va(z)
Then, It6’s formula gives that

2 2ah (Z7N . 2hlZ)
dm<zt>—(va<7t><zt,b<xt> BT o) + Jar+ L 7,amy).

By taking the definition of h. into consideration, we obviously have

T a9 T ah.(|x|) a a0
— —gp200 and < — 0.
VG(ZE) 7] {lz[#0}

Va(@)? 7 (a+e2)2
Subsequently, we derive that
d|Z,| < ]1{@#0}(( n(Z,),b(X;) — b(Y,))dt +2h.(|Z,|)(n(Z,), th))
+16(Y 1) = b (Y 1/6)5)| dt,

in which n(z) := z/|z| for = # 0.
In order to obtain ([6.4]), the key ingredient is to modify the metric induced by | -|. To this end,
we introduce the following C?-function:

o(r)y=cr+1—e" r>0,

where for ¢y := 2R,
c1 = ce 2% and ey = 2\ 0.
A direct calculation shows that for any r > 0,
#(r)=c +ce ™ and ¢'(r) = —cie ",

Next, by virtue of (L30) and (L32), it follows that for any z,y € R?,

(r =y, b(x) = bly)) < &=yl [b(z) = b(y) L rerinfyesr)
(6.5) + (z =y, b(x) — b(y)) Liwengjutyens,)

< Mz = YL ge—yi<ory — Aol — y1* oy >2my,

where A\; := Li(1 4 2¢p(R)) and As := L3(1 + ¢(R)). Thus, applying Itd’s formula and making
use of ([6.5) and ¢' < 2¢y yields that

d(b(‘ZtD < ]1{|7t|7£0}((01 + 026702‘7”)@1(725)7 b(yt) — b(?t» — 202 fcz\Zt\h€(|7tD2) dt
(6.6) +262|b(Yy) — 0O (Y 115)5)| dt + dM,
< A(|Z4)) dt + 2¢2|b(Y7) — b (Y 1475)5)| At + d DM,
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where (M;)¢>0 is a martingale and
Ac(r) = ((e1 + 227" ) (ML r<rey — Aalprse)r — 2¢5 = he(r)?), 7> 0.
Notice from the definitions of ¢; and ¢y that
Ac(r) < 2067 (A1 — c2he (1)) L <y — 1 dar L i)
= 2c9e” " ()\17“ — cz)hg(r)Q]l{rgO} — 1 Xl ppsgy + 2M e (1 — ha(r)z)ﬂ{rgo}
< —c3e 0h (1) L preryy — 1oL rsgyy + 4Mcor(1 — he(r)),
where in the last display we used h. € [0, 1]. The previous estimate, in addition to the fact that

r > fo > fo
(b(T') - CIEO +1—ecbo Cleo +1’

(b(T) S 1—|—01€0, 0 S T S 60, r Z 607

implies that for some constant c3 > 0

C1Co Cl)\2€0

A < — 1 -

() S 5o s = T 0
< =N(r) + c3(2e + ¢(2¢)),

in which A* := ¢105((2X1) A X2)/(1 + c1€p). As a consequence, by approaching ¢ — 0, we deduce

from (6.6]), along with X = Y, that

O(r)Lrseey + ca(d(r) +7)(1 = h(r))

t
Eo(|Z:]) < 2¢, / M IRIB(Y ) = 0O (Y 0j5)5)] ds.
0

Whence, ([6.4) follows by noting that there exist constants c4, ¢s > 0 such that c¢,r < (1) < e5r
for all r > 0. L]

In the sequel, we claim that (Y?us)nzo, determined in (6.2), has moments bounded uniformly in
time.

Lemma 6.2. Under (L30) and ([L32)), for any p > 0, there exists a constant C, > 0 such that
for any ¢ € (0,0d4] and integer n > 0,
(6.7) E[Y " <C,.

Proof. For notational brevity, we shall write (Y,,5)n>0 in lieu of (Y?u;)nzo as long as the initial
value Y, = 0 is not emphasized. According to the definition of 4 given in (L36]), we obviously
have for any § € (0, 04],

(6.8) (1+ 135" <L3/2 and L30/2<1.

Below, we shall fix § € (0, d,] so that (G.8]) is valid and intend to show that (6.7) holds true for
any integer p > 6, which, by Holder’s inequality, will imply the desired assertion for any integer
p > 0. Via Lévy’s characterization for Brownian motions, we infer that for any ¢ > 0,

(69 Wi = [ DEZ0aT, + [ (- (7.7 B,

is a d-dimensional Brownian motion. Thus, the discrete-time version of (Vt)tzo can be written as
follows: for any integer n > 0,

?(n—l—l)é =Y, + b (Y ,5)6 + AW&.
It is easy to see that
(6.10) YV o] =[Vus|” + AV 05)0 + U (n, 6),
where
Ale) : = [pO(@)°8 + 2(2, b9 (2)), = €RY,
U(n,8) : = |[AWS] + 2(V 5 + 0O (Y 15)0, AWE).
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According to the definition of b given in (IL34)), it follows that for all x € R,
1 [b(z)[* )
ANz)= ————2(x,0(2)) + ———F— |.
)= T (2 4+ T
Next, from (L30) and (L32)), there exists a constant C; > 0 such that
b < (LE+ D)1+ () | + Oz R,
and subsequently there exist constants Cy, C's > 0 such that

2(est(a)) + I < 0 1 e + D
< Oy (= 1y EEDEL LD 4o

< O+ (= Ly + (LT + 1)0" ") (1 + ¢(|])) 2]

1
<Gy =Ll + (2|2, =R,

where the last inequality holds true from (€8]). Thus, we find that

1 1 1
< - _ 2) <« = 2 d
Mo) £ s (G- a1+ pllal)le?) < Cam Lk, o€ RY

where in the second inequality we used the fact that, for § € (0,1],7 — (1 +r)/(1 + §) is
increasing on the interval [0, 00). The above estimate, along with (6.I0), enables us to derive that

Y (o] < (1= Ls6/2)|Vos|” + Cs6 + W (n, 6).

The estimate above, along with the binomial theorem, further implies that for any integer ¢ > 3,

(6.11) IV i < (1= La0/2)°| Voo™ + q(1 = L6 /2)7 Y| Vs (Cy6 + W(n, )
q—2

(6.12) + 3 CF(1 — L36/2)F Vs ™ (C36 + ¥ (n, 6)) """,
k=0

where the quantity (Y, AW&} involved in W(n,d) is a lower order term (providing the order
§1/2). Since Y5 is independent of AW, we have

né?
BT el 0(0,5) = (T | AT5?) = dOE [T
Next, (L30) yields that there are constants Cy, C5 > 0 such that
(6.13) 169 (2)|6 < Cu6* | + C56 < Cylz| + C5, = € RE

In the last term on the right hand side of ([6.I1), the degree of the polynomial with respect to |7n5}
is 2¢ —4 at most (which obviously is a lower order term compared with the leading term |7m;}2q),

and moreover the moment of the polynomial with respect to |AW§5\ (where the underlying degree
is 2 at least) provides at least the order . Hence, we can deduce from these facts and the Young
inequality that for some constant Cg > 0,

E|Y (ui1s| ™ < (1= Lad [A)E[Y 5™ + Cio.
Whereafter, an inductive argument, along with Y, = 0, implies that for any integer n > 0,
— 2
E‘Y(nJrl)é‘ 1 < 4Cs/Ls.
Consequently, ([67) is attainable for any p > 6. O

Finally, as we explained at the beginning of this section, with the aid of Proposition and
Lemma [6.2] we carry out the proof of Theorem [L8|
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Proof of Theorem [L8. Note that, due to (€3]), we can verify the assumptions of [0, Corollary 2|
and conclude that there exist constants C}, \; > 0 such that for all t > 0 and p,v € 2, (R%),
(6.14) W, (ngngﬁ) < Cre MW (p,v),

where (X}');>0 stands for the solution to (LI]) with the initial distribution .Zx, = p. Subsequently,
via the Banach fixed point theorem, the Markov process (X;):>o admits a unique invariant prob-
ability measure 7 € 2, (RY) with a finite first moment. Likewise, by means of (LI, (X?25)n>0,
which is a time-homogeneous Markov chain, also admits a unique invariant probability measure
7% with a finite first moment.

Recall that due to (6.1)),
W, (7r, 7T5) < p1(n,0) + ¢a(n, d) + p3(n,d).

Below, we shall write (XZ;),>0 and (X2F),>o instead of (X"),>0 and (X*),¢ in case of y = 4,

for € RY. By invoking (614) and Theorem [LG, we have

¢1(n,0) + ¢3(n,0) < Wi (ZXgé,ngé)W(dx)(so(dy)

R xRd

+ W, («i”xg»; , zxiby) () o (dy)

R xR4

< G / & — ylm(da)do(dy) + Cleom / & — yla®(de)o(dy)
Rd xRd R

dXRd
_ rehans / | (de) + Creoms / | (),
R4

Rd
where [o, |z|m(dz) and [g, |z[7°(dz) are both finite, since 7 and 7 have finite first moments.

This thus yields ¢1(n, ) + ¢3(n,0) — 0 as n — oco. Next, taking (6.3]) into consideration enables
us to derive that for any integer n > 0,

néd
(6.15) 02(n,8) < C, /0 e M IE|B(Y) — 0O (Y], 55| ds.

According to the definition of b given in ([34)), we infer from (L30) and (L37) that there
exist constants c;, c; > 0 such that for any z,y € R?,

[b(a) = 0 ()] < [b(x) = b(y)| + [bly) — b ()]
< Li(L+@(|2]) + o (lyD) e =yl + c1d” (1 + Jy| + lyle(lyD) e (ly))
< (14 Jaf™ + [y[™) e — y| + c2d” (1 + [y[17).
Therefore, Holder’s inequality implies that there exists a constant c¢3 > 0 such that for any ¢ > 0,
—0 —0
E[b(Yy) = 0 (Yiyyas) |

0

(6.16) <c3 <1 + (E}?? - ?Lt/éjé 21*)1/2 + (E‘??t/éjé

1+2[*).

21*)1/2> BV, =V ysal)"?

+¢30° (1 + E|Y )y 555]

Furthermore, note that

—0 =0 —0 =. =
Y, =Y 86 = R (Yiyas) (= [/6]0) + Wi — Wi 506,

where (Wf)tzo was defined in (6.I0). Thus, by virtue of (6.1) and the first inequality (EI3), it

follows that for some constants ¢y, c; > 0 and any t > 0,

0 2y

—0 — —0 —0 2
]E}Yt — Ytt/éJé S Cy and E’Yt - YU/(SJ(S’ S 055.

As a consequence, by plugging the estimates above into (616), we deduce from (GI5]) there exists
a constant cg > 0 such that ¢y(n,d) < ¢sd? for any integer n > 0.
On the basis of the preceding analysis, we have demonstrated the desired assertion (L38]). O
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