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GEOMETRIC ERGODICITY OF MODIFIED EULER SCHEMES FOR SDES
WITH SUPER-LINEARITY

JIANHAI BAO MATEUSZ B. MAJKA JIAN WANG

Abstract. As a well-known fact, the classical Euler scheme works merely for SDEs with coeffi-
cients of linear growth. In this paper, we study a general framework of modified Euler schemes,
which is applicable to SDEs with super-linear drifts and encompasses numerical methods such
as the tamed Euler scheme and the truncated Euler scheme. On the one hand, by exploiting
an approach based on the refined basic coupling, we show that all Euler recursions within our
proposed framework are geometrically ergodic under a mixed probability distance (i.e., the total
variation distance plus the L

1-Wasserstein distance) and the weighted total variation distance.
On the other hand, by utilizing the coupling by reflection, we demonstrate that the tamed Euler
scheme is geometrically ergodic under the L

1-Wasserstein distance. In addition, as an important
application, we provide a quantitative L

1-Wasserstein error bound between the exact invariant
probability measure of an SDE with super-linearity, and the invariant probability measure of the
tamed Euler scheme which is its numerical counterpart.

Keywords: Geometric ergodicity; mixed probability distance; weighted total variation distance;
L
1-Wasserstein distance; modified Euler scheme; refined basic coupling; coupling by reflection
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1. Introduction and main result

In the past few decades, there have been significant advances in the area of numerical approx-
imations for SDEs. As far as the convergence analysis in a finite-time horizon is concerned, the
theory has progressed well beyond the classical Euler-Maruyama (EM) scheme, and we refer to
[3, 10] for the backward EM scheme, [11, 13, 27] regarding the tamed EM scheme, [14, 17, 23]
concerning the truncated EM method, and [12, 26] with regard to the adaptive EM scheme, to
name just a few. For results on the behaviour of EM schemes in the infinite-time horizon, the
reader may consult [12, 14, 31]. In particular, recently there has been a series of works, where the
authors utilized the probabilistic coupling method in order to investigate the long-time behaviour
of EM schemes under the assumption of “dissipativity at infinity” concerned with the drifts of the
associated SDEs. Based on quantitative contraction rates for Markov chains on a general state
space, the exponential contractivity under the Wasserstein distance for EM schemes associated
with non-degenerate SDEs driven by Brownian motions and Lévy noises was explored in [7] and
[9] by drawing on the reflection coupling and the refined basic coupling, respectively. Via the
synchronous coupling, along with the construction of a corresponding metric, the L2-Wasserstein
contraction for Euler schemes was established in [16] for SDEs with a sufficiently high diffusivity.
Through a mixture of the synchronous coupling and the reflection coupling, the L1-Wasserstein
contraction for the EM scheme corresponding to kinetic Langevin samplers with non-convex po-
tentials was treated in [29]. Leveraging on discrete sticky couplings, [5] provided bounds in
Wasserstein and weighted total variation distances between distributions of EM schemes and cor-
responding perturbation versions for SDEs with Lipschitz drifts, which are dissipative at large
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distances. Additionally, concerned with the tamed unadjusted Langevin algorithm, [2] demon-
strated the L2-Wasserstein non-asymptotic error bound between the exact invariant probability
measure and its numerical version, for overdamped Langevin SDEs, albeit only with strongly
convex potentials.

With the exception of [2], which treated tamed Euler schemes, all those results were applicable
only to the case of SDEs with global Lipschitz drifts. Inspired by the aforementioned literature, in
this work, we shall go further and focus on SDEs with super-linear drifts. For such SDEs, we intend
to propose a novel framework for studying EM schemes, which generalizes the classical EM scheme
and encompasses the tamed EM scheme and the truncated EM scheme, as typical candidates.
Most importantly, by constructing appropriate couplings, we shall consider geometric ergodicity
under different probability distances for the proposed EM iteration. Compared to [5, 7, 9, 14], our
approach allows for the study of EM schemes for SDEs with super-linear drifts. In comparison
with [2], our approach is much more general and provides bounds in the Wasserstein distances
without requiring strong convexity of the potential.

Among different types of modified EM schemes, recently there has been a lot of interest espe-
cially in tamed EM schemes, due to their applications in computational statistics and machine
learning. In addition to [2], we refer to e.g. [18, 15, 24, 20] for a series of papers on the Tamed
Unadjusted Langevin Algorithm (TULA) and its variants. These papers are concerned with error
bounds between the target probability measure and the distribution of the tamed EM scheme
after a certain number of steps. Typically, the target measures of interest are of the form π ∝ e−U

for some potential U : Rd → R and, if U has growth stronger than quadratic, the classical ULA
cannot be applied directly and taming is required. The majority of such error bounds in the
literature rely on contraction properties of the associated SDEs (which are usually obtained via
couplings or functional inequalities). However, this does not always provide precise control on the
constants for the error of the discrete process; see e.g. [15, Remark 2.12] or [24, Remark 2.12].
In the present paper, we apply couplings directly at the level of the discrete-time scheme, which
has the potential of providing sharper bounds, with a better control of the constants. See [22]
for related results in the classical case of U with quadratic growth (i.e., Lipschitz ∇U), where
bounds for ULA and Stochastic Gradient Langevin Dynamics (SGLD) algorithms were obtained
by applying couplings directly at the level of the discrete process, in contrast to the majority of
the literature. We believe that the results obtained in the present paper will provide an oppor-
tunity for obtaining sharper bounds for algorithms such as TULA. However, this will require a
detailed analysis and is beyond the scope of the present work, whose focus is instead on providing
a general framework for analysing ergodicity of modified EM schemes.

Consider an SDE on R
d :

(1.1) dXt = b(Xt) dt + dWt,

where b : Rd → R
d is measurable, and (Wt)t≥0 is a d-dimensional Brownian motion on the filtered

probability space (Ω,F , (Ft)t≥0,P). Throughout the paper, we shall assume that the SDE (1.1) is
strongly well-posed under suitable conditions (e.g., b is locally Lipschitz and satisfies a Lyapunov
condition; see, for instance, [25, Theorem 3.1.1]).

In most scenarios, SDEs under consideration are unsolvable explicitly unless they possess certain
special structures. Based on the point of view above, plenty of numerical schemes are proposed
to approximate numerically SDEs and simulate with the aid of computers. Concerning the SDE
(1.1), we put forward the following explicit discretization scheme: for the iteration step number
n ≥ 0 and the step size δ > 0,

(1.2) Xδ
(n+1)δ = π(δ)(Xδ

nδ) + b(δ)
(
π(δ)(Xδ

nδ)
)
δ +△Wnδ,

where △Wnδ := W(n+1)δ −Wnδ means the increment (with the length δ) of (Wt)t≥0; the mapping

π(δ) : Rd → R
d is contractive, that is,

∣∣π(δ)(x)− π(δ)(y)
∣∣ ≤ |x− y|, x, y ∈ R

d;(1.3)
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b(δ) : Rd → R
d is a modified version of b so that, for each fixed x ∈ R

d, |b(δ)(x) − b(x)| → 0 as
δ → 0. Since Brownian motions have the self-similar property, there exist i.i.d. d-dimensional
standard Gaussian random variables (ξn)n≥1, supported on (Ω,F ,P), such that, for each integer
n ≥ 0, △Wnδ and δ1/2ξn+1 are distributed identically. Thus, in (1.2), by replacing △Wnδ with
δ1/2ξn+1, we obtain the following modified EM scheme: for any δ > 0 and integer n ≥ 0,

(1.4) Xδ
(n+1)δ = π(δ)(Xδ

nδ) + b(δ)
(
π(δ)(Xδ

nδ)
)
δ + δ1/2ξn+1.

At first glance, the stochastic algorithm (1.4) is a bit unusual. Nevertheless, it provides a flexible
framework that incorporates several well-known stochastic algorithms. Indeed, as we will discuss
in detail in Section 2, our framework covers:

• The classical EM scheme (Subsection 2.1), by taking π(δ)(x) = x and b(δ)(x) = b(x);

• The tamed EM scheme (Subsection 2.2), by taking π(δ)(x) = x and b(δ)(x) = b(x)
1+δθϕ(|x|)

,

where θ ∈ (0, 1/2) and ϕ : [0,∞) → [0,∞) is a strictly increasing and continuous function
with ϕ(0) = 0 and a polynomial growth;

• The truncated EM scheme (also known in the literature as the projected EM scheme;
Subsection 2.3), by taking π(δ)(x) = 1

|x|

(
|x| ∧ ϕ−1(δ−θ)

)
x1{|x|>0}, where θ ∈ (0, 1/2) and

ϕ : [0,∞) → [0,∞) is a strictly increasing and continuous function, whereas b(δ)(x) = b(x).

1.1. Geometric ergodicity under a mixed probability distance. In this subsection, we
assume that

(H1) there exist constants R,CR, KR ≥ 1, θ ∈ (0, 1/2), and δ0 ∈ (0, 1] such that for all δ ∈
(0, δ0], and all x, y ∈ R

d,
∣∣b(δ)(π(δ)(x))− b(δ)(π(δ)(y))

∣∣ ≤
(
CR1{x∈BR}∩{y∈BR} +KRδ

−θ
1{x∈Bc

R}∪{y∈Bc
R}

)
|x− y|;(1.5)

(H2) for the threshold R ≥ 1 above, there exists a constant K∗
R > 0 such that for all δ ∈ (0, δ0],

and x, y ∈ R
d with x ∈ Bc

R or y ∈ Bc
R,

〈
π(δ)(x)− π(δ)(y), b(δ)(π(δ)(x))− b(δ)(π(δ)(y))

〉
≤ −K∗

R

∣∣π(δ)(x)− π(δ)(y)
∣∣2,(1.6)

where BR denotes the closed ball with radius R and center 0 ∈ R
d, and Bc

R means its
complement.

Before we proceed, we make some comments on Assumptions (H1) and (H2).

Remark 1.1. Assumption (H1) demonstrates that the composition of b(δ) and π(δ) satisfies a
global Lipschitz condition, in which, outside of the closed ball BR, the Lipschitz constant depends
on the step size. Inequality (1.6) reveals that b(δ) is K∗

R-dissipative outside of BR, where, most
importantly, K∗

R is independent of the step size δ. A more intuitive counterpart of (1.6) would be
the following one: for any x, y ∈ R

d with x ∈ Bc
R or y ∈ Bc

R,
〈
x− y, b(δ)(x)− b(δ)(y)

〉
≤ −K∗

R|x− y|2.(1.7)

Nevertheless, for the proof of Theorem 1.2 below, the technical condition (1.6) is essential. Since
the precise expression of π(δ) is unknown, x ∈ Bc

R does not automatically imply π(δ)(x) ∈ Bc
R.

Hence, (1.6) cannot be derived from (1.7) so, in Assumption (H1), (1.6) (in lieu of (1.7)) is in
force. However, in some specific cases we can impose (1.7) as long as πδ possesses an explicit form;
see Section 2.3 for relevant details. Last but not least, in order to demonstrate the robustness of
Assumptions (H1) and (H2), we discuss in detail in Section 2 how to verify them for the classical
EM scheme, the tamed EM scheme, and the truncated EM scheme.

In the following paragraph, we introduce some notations. Let ν(dz) be the law of the d-
dimensional standard Gaussian random variables (ξn)n≥1, i.e.,

ν(dz) = (2π)−d/2e−|z|2/2 dz,
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and, for x ∈ R
d, let νx(dz) = (ν ∧ (δx ∗ ν))(dz), which stands for the common part of ν(dz) and

(δx ∗ ν)(dz) (the convolution between ν(·) and Dirac’s delta measure δx(·)). A direct calculation
shows that for all x ∈ R

d,

νx(dz) = (2π)−d/2
(
e−|z|2/2 ∧ e−|z−x|2/2

)
dz.

For any r ≥ 0, define
J(r) = inf

|u|≤r
νu(R

d).

It is easy to see that J(r) > 0 for any finite number r ≥ 0 by making use of properties of the
Gaussian distribution ν. Additionally, we define the distance function

ρ1(x, y) = 1{x 6=y} + |x− y|, x, y ∈ R
d,(1.8)

and set

(1.9) δ1 := δ0 ∧
(
K∗

R/K
2
R

) 1
1−2θ ∧ (2K∗

R)
−1 ∧ (4RCR)

−2,

where the parameters R,CR, KR ≥ 1, δ0 > 0, as well as K∗
R > 0 are given in (H1) and (H2),

respectively. At last, on some occasions, we shall write (Xδ,x
nδ )n≥0 instead of (Xδ

nδ)n≥0 once the
initial value Xδ

0 = x is to be emphasized.
For any lower semi-continuous function ρ : Rd × R

d → R+, and for all probability measures µ
and ν on R

d, we define the L1-Wasserstein (pseudo-)distance induced by ρ as

(1.10) Wρ(µ, ν) := inf
π∈Π(µ,ν)

∫

Rd×Rd

ρ(x, y)π(dx, dy) ,

where Π(µ, ν) represents the set of all couplings between the probability measures µ and ν.
The main result in this subsection is stated as follows, which shows that (Xδ

nδ)n≥0 is geomet-
rically ergodic under the Wasserstein distance induced by the cost function ρ1 defined in (1.8).

Theorem 1.2. Assume that (1.3), (H1) and (H2) hold. Then, there exists a constant C∗
1 > 0

such that for any δ ∈ (0, δ1], x, y ∈ R
d, and integer n ≥ 0,

Wρ1

(
LXδ,x

nδ
,LXδ,y

nδ

)
≤ C∗

1e
−λ1nδρ1(x, y),(1.11)

where Wρ1 stands for the Wasserstein distance induced by the cost function ρ1 defined in (1.8),
and λ1 := λ11 ∧ λ12 ∧ λ13 ∈ (0, 1) with

λ11 :=
aJ(1)

4(a+ 2)
, λ12 :=

4RCRc∗e
−2Rc∗

a+ 2
and λ13 :=

Rc∗K
∗
Re−2Rc∗

a+ 2
(1.12)

with

c∗ :=
32RCR(1 + CR)

2

J(1)
and a :=

8c∗
J(1)

+ 2CR +K∗
R.(1.13)

Evidently, Theorem 1.2 implies the following corollary.

Corollary 1.3. Assume that (1.3), (H1) and (H2) hold. Then, there exists a constant C∗
1 > 0

such that for any δ ∈ (0, δ1], x, y ∈ R
d, and n ≥ 0,

∥∥LXδ,x
nδ

− LXδ,y
nδ

∥∥
var

+W1

(
LXδ,x

nδ
,LXδ,y

nδ

)
≤ C∗

1e
−λ1nδρ1(x, y),(1.14)

where λ1 > 0 is the same as that in Theorem 1.2, ‖ · ‖var means the total variation distance, and

W1 denotes the L1-Wasserstein distance.

Note that Corollary 1.3 shows that (Xδ
nδ)n≥0 is exponentially decaying under the total variation

distance and the standard L1-Wasserstein distance. However, it is not exponentially contractive
in either distance, since the term ρ1(x, y) on the right hand side of (1.14) cannot be controlled
from above by either only c1{x 6=y} or only c|x − y| for some constant c > 0 (one needs to use
the sum of both terms). In particular, we refer to the introductory section of [16] for a recent
discussion on the contractivity results for classical Euler-Maruyama schemes that are currently
available in the literature, as well as on the applications of such results, where it is important to
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have contraction rather than just upper bounds. In the next subsections, we turn our attention
to showing exponential contractivity (rather than only exponential decay).

1.2. Geometric ergodicity under the additive Wasserstein distance. In this subsection,
we turn to investigate the exponential contractivity of (Xδ

nδ)n≥0 under the weighted total variation
distance, which is equivalent to the additive Wasserstein distance. More precisely, we work with
the distance function:

ρ2(x, y) := (2 + |x|2 + |y|2)1{x 6=y}, x, y ∈ R
d.(1.15)

To begin, we introduce some additional notations. We assume

b
(∞)
0 := sup

δ∈(0,δ0]

∣∣b(δ)(0)
∣∣ < ∞.(1.16)

Define the subset D of Rd × R
d by

D =
{
(x, y) ∈ R

d × R
d : 2 + |x|2 + |y|2 < 8c0/K

∗
R

}
,(1.17)

where

c0 := d+
(
(1 + 2CR + 2C2

R +K∗
R/2)R

2 + 3
(
b
(∞)
0

)2)

∨
(
1 + 1/(21−2θ − 1) + 2/K∗

R

)(
b
(∞)
0

)2)
.

(1.18)

It is easy to see that the diameter of D is finite, i.e.,

rD := sup
(x,y)∈D

|x− y| < ∞.

Furthermore, in the following, we shall stipulate

c⋆ =
8

J(1)
CR(1 + CR)

2(1 + rD)(1.19)

and fix respectively the positive parameters ε⋆ and a as follows:

ε⋆ :=
J(1)c2⋆e

−c⋆(1+rD)

32c0(1 + CR)2
and a :=

4

J(1)
(c⋆ + 2c0ε⋆) + 2

( 2

K∗
R

∨ 1
)
c0c⋆ε⋆ +

1

4
K∗

Rc⋆.(1.20)

Finally, we set

δ2 := δ0 ∧
(1
2

(
K∗

R/K
2
R

) 1
1−2θ

)
∧

aJ(1)

2K∗
R(a + 1)

∧ (4RCR)
−2.

The main result in this subsection is the following.

Theorem 1.4. Assume that (1.3) with π(0) = 0, (H1), (H2) and (1.16) hold. Then, there exists

a constant C∗
2 > 0 such that for all δ ∈ (0, δ2], x, y ∈ R

d, and integer n ≥ 0,

Wρ2

(
LXδ,x

nδ
,LXδ,y

nδ

)
≤ C∗

2e
−λ2nδρ2(x, y)(1.21)

where Wρ2 denotes the Wasserstein distance induced by the metric function ρ2 defined in (1.15),
and λ2 := λ21 ∧ λ22 ∧ λ23 ∈ (0, 1) with

λ21 :=
1

2
K∗

R, λ22 :=
2c0c⋆ε⋆
a+ 1

and λ23 :=
K∗

Rε⋆
4(a+ 1)

.

Let P2(R
d) be the set of probability measures on R

d with finite second moment. According to
[8, Lemma 2.1], the weighted total variation distance:

‖µ− ν‖2,var := sup
|f |≤1+|·|2

∣∣∣∣
∫

Rd

f(x)µ(dx)−

∫

Rd

f(x)ν(dx)

∣∣∣∣, µ, ν ∈ P2(R
d)

is identical to the Wasserstein distance Wρ2. Thus, as a direct byproduct of Theorem 1.4, (Xδ
nδ)n≥0

is geometrically ergodic under the weighted total variation distance ‖ · ‖2,var.
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Corollary 1.5. Assume that Assumptions of Theorem 1.4 hold. Then, for all δ ∈ (0, δ2], x, y ∈ R
d

and n ≥ 0, ∥∥LXδ,x
nδ

− LXδ,y
nδ

∥∥
2,var

≤ C∗
2e

−λ2nδρ2(x, y),

where C∗
2 > 0 and λ2 ∈ (0, 1) are the same as those in Theorem 1.4, respectively.

1.3. Geometric ergodicity under the L1-Wasserstein distance. In this subsection we con-
sider the scheme corresponding to the choice of π(δ)(x) = x in (1.4). More precisely, for any δ > 0
and integer n ≥ 0,

(1.22) Xδ
(n+1)δ = Xδ

nδ + b(δ)
(
Xδ

nδ

)
δ + δ1/2ξn+1,

where (ξn)n≥1 are d-dimensional standard Gaussian random variables.
To investigate the geometric contractivity of (Xδ

nδ)n≥0, we rewrite Assumptions (H1) and (H2)
as follows (since π(δ)(x) = x for all x ∈ R

d):

(H′
1) there exist constants R,CR, KR ≥ 1, θ ∈ (0, 1/2), and δ0 ∈ (0, 1] such that for all δ ∈

(0, δ0], and x, y ∈ R
d,

∣∣b(δ)(x)− b(δ)(y)
∣∣ ≤

(
CR1{x∈BR}∩{y∈BR} +KRδ

−θ
1{x∈Bc

R}∪{y∈Bc
R}

)
|x− y|;(1.23)

(H′
2) there is a constant K∗

R > 0 such that for all δ ∈ (0, δ0], and x, y ∈ R
d with x ∈ Bc

R or
y ∈ Bc

R,

〈x− y, b(δ)(x)− b(δ)(y)〉 ≤ −K∗
R|x− y|2.(1.24)

To proceed, some notations need to be introduced. For parameters R,CR, KR ≥ 1 and K∗
R

given respectively in (H′
1) and (H′

2), we set

c∗ := 1 +
16RCR

r∗0r0
+

ln(CRK
∗
R)

2R
(1.25)

where

r0 := 1/2 + 2R(CR ∨KR), r∗0 :=
1

(2π)1/2
(
e−

9
8
r20 − e−2r20

)
, γ := 4

(
(1/2 + 3R(CR ∨KR)

)
.(1.26)

Furthermore, we define

δ3 = δ0 ∧
(
2R(CR ∧KR)

) 2
2θ−1 ∧

(
K∗

R/K
2
R

) 1
1−2θ ∧

(
ln 2

c∗γ

)2

,(1.27)

with the constants δ0, R, CR, KR, K∗
R and θ defined in (H′

1) and (H′
2).

The following theorem shows that (LXδ
nδ
)n≥0 corresponding to (1.22) is exponentially contract-

ive under the L1-Wasserstein distance.

Theorem 1.6. Under (H′
1) and (H′

2), there exists a constant C∗
3 > 0 such that for all δ ∈ (0, δ3],

integer n ≥ 0, and x, y ∈ R
d,

W1

(
LXδ,x

nδ
,LXδ,y

nδ

)
≤ C∗

3e
−λ3nδ|x− y|,(1.28)

where (Xδ,x
nδ )n≥0 is determined by (1.22) and λ3 := λ31 ∧ λ32 ∈ (0, 1) with

λ31 := CRe−2Rc∗ and λ32 :=
1

2
K∗

Re−c∗(2R+γ).(1.29)

Before the end of this subsection, we give a remark regarding Theorem 1.6.

Remark 1.7. In Theorem 1.6, we treat the geometric ergodicity of (Xδ
nδ)n≥0 given by (1.22) (i.e.,

(1.4) with π(δ)(x) = x). Obviously, the framework (1.4) is much more general than (1.22). It is
a natural question to ask why in Theorem 1.6 we work only with the scheme (1.22) instead of
(1.4). The main technical reason is that in the proof of Theorem 1.6, for x, y ∈ R

d, the distance
between πδ(x)+ b(δ)(πδ(x))− (πδ(y)+ b(δ)(πδ(y))) and x− y should approach zero as the step size
goes to zero (see (5.6) for more details). However, this may not necessarily hold if the only thing
we know about π(δ) is that it is contractive. In particular, for the π(δ) which corresponds to the
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truncated EM scheme defined in (2.4) below, this property is not satisfied. For this reason, in
this subsection we consider only the scheme (1.22) rather than (1.4).

1.4. Error bound between invariant probability measures. In this subsection, as an ap-
plication of Theorem 1.6, we provide a quantitative convergence rate between the exact invariant
probability measure and the numerical counterpart associated with the underlying tamed EM
scheme (1.22).

Below, let ϕ : [0,∞) → [0,∞) be a continuous and strictly increasing function with ϕ(0) = 0
and with a polynomial growth. We assume that

(A1) there exist constants L1, L2 > 0 such that for all x, y ∈ R
d,

|b(x)− b(y)| ≤ L1

(
1 + ϕ(|x|) + ϕ(|y|)

)
|x− y|,(1.30)

and
∣∣b(x)ϕ(|y|)− b(y)ϕ(|x|)

∣∣ ≤ L2

(
1 + ϕ(|x|) + ϕ(|y|) + ϕ(|x|)ϕ(|y|)

)
|x− y|;(1.31)

(A2) there exist constants L3, L4, L5 > 0 and R ≥ 0 such that for all x, y ∈ R
d with x ∈ Bc

R or
y ∈ Bc

R,

〈x− y, b(x)− b(y)〉 ≤ −L3

(
1 + ϕ(|x|) + ϕ(|y|)

)
|x− y|2,(1.32)

and
〈
x− y, b(x)ϕ(|y|)− b(y)ϕ(|x|)

〉
≤

(
L4

(
1 + ϕ(|x|) + ϕ(|y|)

)
− L5ϕ(|x|)ϕ(|y|)

)
|x− y|2.(1.33)

From (A1), the drift b is allowed to be of polynomial growth with the order rϕ(r). To handle
the difficulty arising from the highly nonlinear property of b, we need to modify the drift b so
that its corresponding variant, written as b(δ), is of linear growth at most. By regarding b(δ) as
a new drift, we can construct a time discretization scheme corresponding to the SDE (1.1). For
this, we first introduce the modified (or tamed) drift b(δ) defined as below:

b(δ)(x) =
b(x)

1 + δθϕ(|x|)
, x ∈ R

d,(1.34)

where θ ∈ (0, 1/2). Thus, the tamed EM algorithm related to (1.1) can be constructed as follows:
for δ > 0 and integer n ≥ 0,

Xδ
(n+1)δ = Xδ

nδ + b(δ)(Xδ
nδ)δ + δ1/2ξn+1,(1.35)

where (ξn)n≥1 are d-dimensional standard Gaussian random variables. For the parameters involved
in (A1) and (A2), we set

δ4 := δ3 ∧

(
L3

2(1 + L2
1)

) 1
1−θ

∧ (2/L3),(1.36)

where δ3 is defined as in (1.27) with

δ0 = (L3/(2L4))
1
θ ∧ 1, CR = (L1 ∨ L2)(1 + ϕ(R))2, KR = L1 ∧ L2 and K∗

R = (L3/2) ∧ L5.

The following theorem provides an error bound between the exact invariant probability measure
and the numerical version associated with (1.1) and the algorithm (1.35), respectively.

Theorem 1.8. Assume (A1) and (A2), where ϕ : [0,∞) → [0,∞) such that for some constants

c∗, l
∗ > 0,

ϕ(r) ≤ c∗
(
1 + rl

∗)
, r ≥ 0.(1.37)

Then, there exists a constant C > 0 such that for all δ ∈ (0, δ4],

W1

(
π, πδ

)
≤ Cδθ,(1.38)

where θ ∈ (0, 1/2), π ∈ P1(R
d) and πδ ∈ P1(R

d) stand respectively for the unique invariant

probability measures of (Xt)t≥0 and (Xδ
nδ)n≥0, which is determined by (1.35).
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Remark 1.9. Results similar to Theorem 1.8 have been recently proved in [4]. However, our
framework covers more general tamed Euler schemes, our assumptions are weaker, and in our
Theorem 1.6 we provide a proof of the contractivity result for the tamed Euler scheme (which in
[4] is stipulated as an assumption); see [4, Theorem 5 and Theorem 7] for more details. For a
recent discussion on the problem of quantifying long-time approximation errors for a large class
of stochastic processes, the reader may also consult [28].

The content of this paper is arranged as follows. In Section 2, we show that the classical Euler
scheme, the tamed scheme, and the truncated Euler scheme can be reformulated respectively
as three representatives of the modified Euler scheme (1.4). Moreover, as far as three schemes
mentioned previously are concerned, the contractive property of the mapping πδ, and technical
Assumptions (H1) and (H2) are examined in Section 2. By construction an appropriate refined
basic coupling, we complete the proof of Theorem 1.2 in Section 3. Based on an examination of
the Lyapunov condition in the semigroup form concerning the modified Euler scheme, the proof of
Theorem 1.4 is handled in Section 4 via the refined basic coupling as well. Through an application
of the coupling by reflection, the proof of Theorem 1.6 is completed in Section 5. The last section
is devoted to the proof of Theorem 1.8 on the basis of the asymptotic coupling by reflection.

2. Verification of (1.3), (H1) and (H2)

This section is devoted to showing that the classical EM scheme, the tamed EM scheme, and the
truncated scheme, as three typical representatives, are special cases of the stochastic algorithm
(1.4). In addition, we demonstrate that the contractive property (1.3), and Assumptions (H1)
and (H2) can be fulfilled by the three aforementioned schemes.

2.1. The classical EM scheme. It is well-known that the classical EM method works merely
for SDEs with coefficients of linear growth. So, in this subsection, we shall assume that the drift
b is globally Lipschitz but dissipative in the long distance. In detail, we shall suppose that

(B1) there exists an L > 0 such that for all x, y ∈ R
d,

|b(x)− b(y)| ≤ L|x− y|;

(B2) there exist constants R > 0 and KR > 0 such that for all x, y ∈ R
d with x ∈ Bc

R or y ∈ Bc
R,

〈x− y, b(x)− b(y)〉 ≤ −KR|x− y|2.

The classical EM scheme associated with (1.1) is given as follows: for δ > 0 and integer n ≥ 0,

Xδ
(n+1)δ = Xδ

nδ + b(Xδ
nδ)δ + δ1/2ξn+1,(2.1)

where (ξn)n≥1 are d-dimensional standard Gaussian random variables. Concerning the EM scheme
above, we examine (1.3), (H1) as well as (H2), separately. Once we take π(δ)(x) = x, which
satisfies (1.3) trivially, and subsequently choose bδ(x) = b(x), (1.2) goes back to (2.1). Due to
π(δ)(x) = x and b(δ)(x) = b(x), (H2) with K∗

R = KR follows from (B2) right away. In addition,
by virtue of (B1) and (B2), it is easy to see that for all x, y ∈ R

d,

〈x− y, b(x)− b(y)〉 ≤
(
L1{x∈BR}∩{y∈BR} +KR1{x∈Bc

R}∪{y∈Bc
R}

)
|x− y|.

Whence, (H1) is verifiable for any δ ∈ (0, 1].

2.2. The tamed EM scheme in Subsection 1.4 satisfying Assumptions (A1) and (A2).

Below, let δ0 = (L3/(2L4))
1
θ ∧ 1 for θ ∈ (0, 1/2) and set δ ∈ (0, δ0]. As for the tamed EM scheme

(1.35), we can take π(δ)(x) = x so evidently (1.3) holds true. In terms of the definition of b(δ)

introduced in (1.34), it is easy to see from (A1) that for any θ ∈ (0, 1/2) and x, y ∈ R
d,

∣∣b(δ)(x)− b(δ)(y)
∣∣ =

∣∣b(x)− b(y) + δθ(b(x)ϕ(|y|)− b(y)ϕ(|x|))
∣∣

1 + δθ(ϕ(|x|) + ϕ(|y|)) + δ2θϕ(|x|)ϕ(|y|)

≤
(L1 ∨ L2)

(
1 + ϕ(|x|) + ϕ(|y|) + δθϕ(|x|)ϕ(|y|)

)
|x− y|

1 + δθ(ϕ(|x|) + ϕ(|y|)) + δ2θϕ(|x|)ϕ(|y|)
1{x,y∈BR}
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+
(L1 ∨ L2)δ

−θ
(
δθ + δθ(ϕ(|x|) + ϕ(|y|)) + δ2θϕ(|x|)ϕ(|y|)

)
|x− y|

1 + δθ(ϕ(|x|) + ϕ(|y|)) + δ2θϕ(|x|)ϕ(|y|)
1{x∈Bc

R}∪{y∈Bc
R}.

Therefore, (H1) holds true for π(δ)(x) = x, CR = (L1 ∨ L2)(1 + ϕ(R))2, and KR = L1 ∨ L2.
Again, by invoking the definition of b(δ), we derive from (A2) that for all x, y ∈ R

d with x ∈ Bc
R

or y ∈ Bc
R,

〈x− y, b(δ)(x)− b(δ)(y)〉

=
〈x− y, b(x)− b(y) + δθ(b(x)ϕ(|y|)− b(y)ϕ(|x|))〉

1 + δθ(ϕ(|x|) + ϕ(|y|)) + δ2θϕ(|x|)ϕ(|y|)

≤ −

(
(L3 − L4δ

θ)(1 + ϕ(|x|) + ϕ(|y|)) + L5δ
θϕ(|x|)ϕ(|y|)

)
|x− y|2

1 + δθ(ϕ(|x|) + ϕ(|y|)) + δ2θϕ(|x|)ϕ(|y|)

≤ −
(
(L3/2) ∧ L5

)
δ−θ ×

(
δθ + δθ(ϕ(|x|) + ϕ(|y|)) + δ2θϕ(|x|)ϕ(|y|)

)
|x− y|2

1 + δθ(ϕ(|x|) + ϕ(|y|)) + δ2θϕ(|x|)ϕ(|y|)
,

where in the second inequality we used the fact that L4δ
θ ≤ L3/2 for any δ ∈ (0, δ0]. Note that,

for any δ ∈ (0, δ0] and r > 0, (δθ + r)/(1+ r) ≥ (δθ + δθr)/(1+ r) = δθ. Whereafter, we infer that
for all x, y ∈ R

d with x ∈ Bc
R or y ∈ Bc

R,

〈x− y, b(δ)(x)− b(δ)(y)〉 ≤ −
(
(L3/2) ∧ L5

)
|x− y|2.

Consequently, (H2) for K∗
R = (L3/2) ∧ L5 is verifiable.

Below, an illustrative example is set to show that both (A1) and (A2) can be validated.

Example 2.1. Let U : R
d → R be the double well potential, which is defined by U(x) =

1
4
|x|4 − 1

2
|x|2, and set b(x) := −∇U(x) for x ∈ R

d. It is easy to see that b(x) = −|x|2x + x. Via
the triangle inequality, there exists a constant c1 > 0 such that

|b(x)− b(y)| ≤ |x− y|+
∣∣|x|2x− |y|2y

∣∣
≤ |x− y|+ |x|2|x− y|+

∣∣|x|2 − |y|2
∣∣ · |y|

≤ c1
(
1 + |x|2 + |y|2)|x− y|, x, y ∈ R

d,

(2.2)

and moreover there is a constant c2 > 0 such that∣∣b(x)|y|2 − b(y)|x|2
∣∣ =

∣∣(−|x|2x+ x)|y|2 − (−|y|2y + y)|x|2
∣∣

≤ |x|2|y|2|x− y|+
∣∣x|y|2 − y|x|2

∣∣
≤

(
|x|2|y|2 + |x|(|y|+ |x|) + |x|2

)
|x− y|

≤ c2
(
1 + |x|2 + |y|2 + |x|2|y|2

)
|x− y|, x, y ∈ R

d.

Hence, we conclude that (A1) with ϕ(r) = r2 is satisfied.
Next, by invoking Newton-Leibniz’s formula, it follows that for any x, y ∈ R

d,

〈x− y, b(x)− b(y)〉 = |x− y|2 − 〈x− y, |x|2x− |y|2y〉

= |x− y|2 −

∫ 1

0

d

ds
〈x− y, |y + s(x− y)|2(y + s(x− y))〉 ds

= |x− y|2 − 2

∫ 1

0

〈x− y, y + s(x− y)〉2 ds

−

∫ 1

0

|y + s(x− y)|2 ds|x− y|2(2.3)

≤ |x− y|2 −
(
|y|2 + 〈y, x− y〉+ |x− y|2/3

)
|x− y|2

=
(
1−

1

3

(
|x|2 + |y|2 − 〈x, y〉

))
|x− y|2

≤
(
1−

1

6

(
|x|2 + |y|2

))
|x− y|2,
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where in the first inequality we dropped the first integral (which is non-negative) in the third
identity and in the last inequality we used the fact that

|x|2 + |y|2 − 〈x, y〉 ≥
1

2

(
|x|2 + |y|2

)
;

moreover, for x, y ∈ R
d,

〈x− y, b(x)|y|2 − b(y)|x|2〉 = 〈x− y, x|y|2 − y|x|2〉 − |x− y|2|x|2|y|2

= |x− y|2|y|2 + 〈x− y, y〉(|y|2 − |x|2)− |x− y|2|x|2|y|2

≤ (|x||y|+ 2|y|2)|x− y|2 − |x|2|y|2|x− y|2

≤

(
1

2
|x|2 +

5

2
|y|2

)
|x− y|2 − |x|2|y|2|x− y|2.

As a consequence, (A2) is also reachable with ϕ(r) = r2.
We note that, by following the preceding procedure, both (A1) and (A2) are still valid for

b(x) = −∇V (x) with V (x) = |x|2β for β > 1, which has been investigated in [?].

2.3. The truncated EM scheme. In this subsection, we intend to show that the truncated EM
algorithm, which was initiated in [23], can also be incorporated in (1.2). Likewise, we assume
that b is locally Lipschitz continuous and partially dissipative. More precisely, we suppose that

(C1) for any r > 0, there exists a strictly increasing and continuous function ϕ : R+ → R+ such
that for all x, y ∈ Br,

|b(x)− b(y)| ≤ ϕ(r)|x− y|;

(C2) there exist constants R,KR > 0 such that for all x, y ∈ R
d with x ∈ Bc

R or y ∈ Bc
R,

〈x− y, b(x)− b(y)〉 ≤ −KR|x− y|2.

We still take b given in Example 2.1 as a typical candidate. From (2.2), we conclude that
(C1) holds true with ϕ(r) = c1(1 + 2r2), which obviously is strictly increasing and continuous on
the interval [0,∞). Moreover, with the aid of (2.3), it is easy to see that (C2) is valid for some
constant R > 0.

In spirit to b(δ) defined in (1.34), it consists essentially in modifying the original drift b so the
amended version can be dictated. To this end, we define the following truncation function: for
any θ ∈ (0, 1/2) and δ > 0,

π(δ)(x) =
1

|x|

(
|x| ∧ ϕ−1(δ−θ)

)
x1{|x|>0}, x ∈ R

d,(2.4)

where ϕ−1 means the inverse of ϕ. With the truncation function π(δ) above at hand, the truncated
EM scheme associated with (1.1) can be presented in the form below: for any δ > 0 and integer
n ≥ 0,

(2.5) Xδ
(n+1)δ = π(δ)(Xδ

nδ) + b(π(δ)(Xδ
nδ))δ + δ1/2ξn+1,

in which (ξn)n≥1 are d-dimensional standard Gaussian random variables. As a result, by choosing
b(δ) = b in (1.2), we reproduce the variant (2.5) of the truncated EM scheme explored initially in
[23]. In literature, the truncated EM scheme is also termed as the projected EM method; see, for
instance, [1].

To begin, we show that the truncation mapping defined in (2.4) is contractive. Indeed, by the
Cauchy-Schwarz inequality, note that for any δ > 0 and x, y ∈ R

d,

|x− y|2 − |π(δ)(x)− π(δ)(y)|2 ≥ |x|2 −
(
|x| ∧ ϕ−1(δ−θ)

)2
+ |y|2 −

(
|y| ∧ ϕ−1(δ−θ)

)2

− 2
(
|x| · |y| − (|x| ∧ ϕ−1(δ−θ))(|y| ∧ ϕ−1(δ−θ)

)

=: Λ(x, y, δ).

(2.6)
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On the one hand, the contractive property (1.3) is fulfilled due to Λ(x, y, δ) = 0 for any x, y ∈ R
d

with |x|, |y| ≤ ϕ−1(δ−θ). On the other hand, a direct calculation shows that for x, y ∈ R
d with

|y| ≥ ϕ−1(δ−θ),

Λ(x, y, δ) =
(
|y| − (|x| ∨ ϕ−1(δ−θ))

(
|y|+ |x| ∨ ϕ−1(δ−θ)− 2|x|

)
.

In particular,

Λ(x, y, δ) =

{(
|y| − ϕ−1(δ−θ)

)(
|y|+ ϕ−1(δ−θ)− 2|x|

)
≥ 0, |x| ≤ ϕ−1(δ−θ), |y| ≥ ϕ−1(δ−θ),

(|x| − |y|)2 ≥ 0, |x|, |y| ≥ ϕ−1(δ−θ).

Then, by taking advantage of the symmetry concerned with the variables x and y, we conclude
that (1.3) is also valid for any x, y ∈ R

d with |x| ≥ ϕ−1(δ−θ). In brief, the contractive property
(1.3) is provable for πδ defined in (2.4).

Notice from (C1) and the contractive property of πδ that for any δ > 0, and x, y ∈ R
d,

∣∣b(π(δ)(x))− b(π(δ)(y))
∣∣ =

∣∣b(π(δ)(x))− b(π(δ)(y))
∣∣(1{x,y∈BR} + 1{x∈Bc

R}∪{y∈Bc
R}

)

≤
(
ϕ(R)1{x,y∈BR} + δ−θ

1{x∈Bc
R}∪{y∈Bc

R}

)
|x− y|.

Hence, we infer that Assumption (H1) holds true with CR = ϕ(R), KR = 1, and any δ > 0.

Below, we set δ0 := ϕ(R)−
1
θ ∧1. By invoking the strictly increasing property of ϕ(·), it is ready

to see that for any x ∈ R
d with x ∈ Bc

R and δ ∈ (0, δ0],

|π(δ)(x)| = |x| ∧ ϕ−1(δ−θ) ≥ |x| ∧ ϕ−1(δ−θ
0 ) ≥ R.

Based on this, we thus deduce from (C2) that for any x, y ∈ R
d with x ∈ Bc

R or y ∈ Bc
R,

〈
π(δ)(x)− π(δ)(y), b(π(δ)(x))− b(π(δ)(y))

〉
≤ −KR

∣∣π(δ)(x)− π(δ)(y)
∣∣2.

This obviously yields that (H2) is valid.

3. Proof of Theorem 1.2

In this section, we aim to implement the proof of Theorem 1.2. Before that, a series of prelim-
inary work need to be done. In the first place, we introduce some notations. Since, for each fixed
x ∈ R

d, νx(dz) is absolutely continuous with respect to ν(dz), the Radon–Nikodym derivative,
written as ρ(x, z), exists so

ρ(x, z) :=
νx(dz)

ν(dz)
=

(2π)−d/2
(
e−|z|2/2 ∧ e−|z−x|2/2

)

(2π)−d/2e−|z|2/2
∈ (0, 1], x, z ∈ R

d.(3.1)

Furthermore, we set for a threshold κ > 0,

(x)κ :=
(
1 ∧

κ

|x|

)
x1{|x|6=0}, x ∈ R

d.

Let (Un)n≥1 be a sequence of i.i.d. random variables, carried on the probability space (Ω,F ,P),
distributed as uniform distributions on [0, 1], and independent of (ξn)n≥1.

With the preceding notations, we define the following iteration: for n ≥ 0,
(3.2)




Xδ
(n+1)δ = X̂δ

nδ + δ1/2ξn+1

Y δ
(n+1)δ = Ŷ δ

nδ + δ1/2
{(

ξn+1 + δ−1/2(Ẑδ
nδ)κ

)
1{Un+1≤

1
2
ρ(−δ−1/2(Ẑδ

nδ)κ,ξn+1)}

+
(
ξn+1 − δ−1/2(Ẑδ

nδ)κ
)

×1{ 1
2
ρ(−δ−1/2(Ẑδ

nδ)κ,ξn+1)≤Un+1≤
1
2
(ρ(−δ−1/2(Ẑδ

nδ)κ,ξn+1)+ρ(δ−1/2(Ẑδ
nδ)κ,ξn+1))}

+ξn+11{ 1
2
(ρ(−δ−1/2(Ẑδ

nδ)κ,ξn+1)+ρ(δ−1/2(Ẑδ
nδ)κ,ξn+1))≤Un+1≤1}

}
,

where Ẑδ
nδ := X̂δ

nδ − Ŷ δ
nδ with

X̂δ
nδ := π(δ)(Xδ

nδ) + b(δ)(π(δ)(Xδ
nδ))δ and Ŷ δ

nδ := π(δ)(Y δ
nδ) + b(δ)(π(δ)(Y δ

nδ))δ.(3.3)
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Below, we elaborate the underlying intuition concerning the construction of the coupling process
(Xδ

nδ, Y
δ
nδ)n≥0, which will be examined in Lemma 3.2.

Remark 3.1. To describe clearly the intuitive idea lay in the construction of the coupling process,
we consider the one-step version of (3.2), i.e., for all x, y ∈ R

d,

(3.4)





Xδ
δ = x̂δ + δ1/2ξ1

Y δ
δ = ŷδ + δ1/2

{(
ξ1 + δ−1/2(ẑδ)κ

)
1{U1≤

1
2
ρ(−δ−1/2(ẑδ)κ,ξ1)}

+
(
ξ1 − δ−1/2(ẑδ)κ

)

×1{ 1
2
ρ(−δ−1/2(ẑδ)κ,ξ1)≤U1≤

1
2
(ρ(−δ−1/2(ẑδ)κ,ξ1)+ρ(δ−1/2(ẑδ)κ,ξ1))}

+ξ11{ 1
2
(ρ(−δ−1/2(ẑδ)κ,ξ1)+ρ(δ−1/2(ẑδ)κ,ξ1))≤U1≤1}

}
,

where ẑδ := x̂δ − ŷδ with x̂δ := π(δ)(x) + b(δ)(π(δ)(x))δ for x ∈ R
d. The coupling given in (3.4)

is inspired essentially by the refined basic coupling proposed in [19] for SDEs driven by additive
Lévy noises. More precisely, for the given initial value (x, y), the random variable ξ1 is drawn to
describe the fluctuation of Xδ

δ ; In case of |ẑδ| ≤ κ, with half of the maximum probability (i.e.,
1
2
ν−δ−1/2 ẑδ(dz)), X

δ
δ and Y δ

δ meet together; with the other half (i.e., 1
2
νδ−1/2ẑδ(dz)), the distance

between Xδ
δ and Y δ

δ is doubled with contrast to the original distance, which also plays a crucial
role in guaranteeing the marginal property; with the remaining mass (i.e., ν(dz)− 1

2
ν−δ−1/2ẑδ(dz)−

1
2
νδ−1/2 ẑδ(dz)), X

δ
δ and Y δ

δ move forward synchronously. Additionally, we would like to emphasize
that the involvement of the threshold κ is indispensable. In particular, it can provide some
uniform lower bound of the positive coupling probability; see the estimate (3.8) below for more
details.

To begin with, we show that (Xδ
nδ, Y

δ
nδ)n≥0 determined by (3.2) is a coupling process of (Xδ

nδ)n≥0,
i.e., both (Y δ

nδ)n≥0 and (Xδ
nδ)n≥0 have the same transition probabilities if they are initialized from

the same starting positions.

Lemma 3.2. For δ, κ > 0, (Xδ
nδ, Y

δ
nδ)n≥0 is a coupling process of (Xδ

nδ)n≥0.

Proof. Let P be the law of (Xδ
nδ, Y

δ
nδ)n≥0 and E be the corresponding expectation operator under

P. To show that (Xδ
nδ, Y

δ
nδ)n≥0 is a coupling process of (Xδ

nδ)n≥0, it is sufficient to verify that for
all f ∈ Bb(R

d) and any integer n ≥ 1,

E
(
f(Y δ

nδ)
∣∣(Xδ

(n−1)δ, Y
δ
(n−1)δ

))
= E

(
f(Xδ

nδ)
∣∣Xδ

n−1

)
.(3.5)

Recall that (ξn)n≥1 (resp. (Un)n≥1) are i.i.d random variables and (ξn)n≥1 is independent of
(Un)n≥1. Hence, in order to achieve (3.5), via an inductive argument, it is essential to verify

E
(x,y)

f(Y δ
δ ) := E

(
f(Y δ

δ )
∣∣(Xδ

0 , Y
δ
0 ) = (x, y)

)
= E

(
f(Xδ

δ )
∣∣Xδ

0 = y
)
.(3.6)

Indeed, since ξ1 with the law ν(dz) is independent of the uniformly distributed random variable
U1 on [0, 1], we derive that

E
(x,y)

f(Y δ
δ ) =

1

2

∫

Rd

f
(
ŷδ + δ1/2

(
u+ δ−1/2(ẑδ)κ

))
ν−δ−1/2(ẑδ)κ(du)

+
1

2

∫

Rd

f
(
ŷδ + δ1/2

(
u− δ−1/2(ẑδ)κ

))
νδ−1/2(ẑδ)κ(du)

+

∫

Rd

f
(
ŷδ + δ1/2u

)(
ν(du)−

1

2
ν−δ−1/2(ẑδ)κ(du)−

1

2
νδ−1/2(ẑδ)κν(du)

)
.

For the first integral and the second integral above, via change of variables u → u − δ−1/2(ẑδ)κ
and u → u + δ−1/2(ẑδ)κ respectively, in addition to ν−x(d(u − x)) = νx(du) for x ∈ R

d, we find
that

E
(x,y)

f(Y δ
δ ) =

1

2

∫

Rd

f
(
ŷδ + δ1/2u

)
νδ−1/2(ẑδ)κ(du)

+
1

2

∫

Rd

f
(
ŷδ + δ1/2u

)
ν−δ−1/2(ẑδ)κ(du)
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+

∫

Rd

f
(
ŷδ + δ1/2u

)(
ν(du)−

1

2
ν−δ−1/2(ẑδ)κ(du)−

1

2
νδ−1/2(ẑδ)κν(du)

)

=

∫

Rd

f
(
ŷδ + δ1/2u

)
ν(du).

Therefore, (3.6) follows directly. �

Lemma 3.3. Assume (1.3), (H1) and (H2) hold. Then, for any δ ∈ (0, δ1] with δ1 being given in

(1.9) and integer n ≥ 1,

E
(
|Xδ

nδ − Y δ
nδ|

∣∣(Xδ
(n−1)δ, Y

δ
(n−1)δ)

)
− |Xδ

(n−1)δ − Y δ
(n−1)δ|

≤
(
CRδ1{|Xδ

(n−1)δ
−Y δ

(n−1)δ
|≤2R} −

1

2
K∗

Rδ1{|Xδ
(n−1)δ

−Y δ
(n−1)δ

|>2R}

)
|Xδ

(n−1)δ − Y δ
(n−1)δ|.

(3.7)

Moreover, for any δ ∈ (0, δ1], κ > 0, and integer n ≥ 1,

E
(
1{Xδ

nδ=Y δ
nδ}

∣∣(Xδ
(n−1)δ, Y

δ
(n−1)δ)

)
≥

1

2
J
(
κδ−1/2

)
(3.8)

if |Xδ
(n−1)δ − Y δ

(n−1)δ| ≤ κ/(1 + CR).

Before we proceed, we make some remarks on Lemma 3.3.

Remark 3.4. Inequality (3.7) characterizes the drift condition for the scheme (1.4). Particularly,
it shows that the algorithm under investigation does not need to be dissipative in the short distance
but dissipative merely in the long distance. Inequality (3.8) reveals that, for any fixed n ≥ 1,
Xδ

nδ coincides with Y δ
nδ with positive probability when the distance between the previous values

Xδ
(n−1)δ and Y δ

(n−1)δ is small. Furthermore, we would like to stress that the incorporation of the

threshold κ is indispensable. Since the support of Gaussian measures is R
d, it would be quite

natural to take the threshold κ = ∞. Unfortunately, once we take κ = ∞, the right hand side
of (3.8) should be reformulated as 1

2
J(δ−1/2(1+CR)|X

δ
(n−1)δ − Y δ

(n−1)δ|), see the proof of (3.10) in
Lemma 3.3. However, this quantity might approach zero when δ goes to zero, even if the distance
|Xδ

(n−1)δ − Y δ
(n−1)δ| is sufficiently small. Whereas, by choosing appropriately the critical point κ

(e.g., κ = δ1/2), the number on the right hand side of (3.8) is strictly positive even if the step size
decays to zero. This shows the importance of setting the threshold κ < ∞.

Now we move to finish the proof of Lemma 3.3.

Proof of Lemma 3.3. In order to obtain (3.7) and (3.8), it suffices to show that for any δ ∈ (0, δ1],
and x, y ∈ R

d,

E
(x,y)∣∣Xδ

δ − Y δ
δ

∣∣ : = E
(∣∣Xδ

δ − Y δ
δ

∣∣∣∣(Xδ
0 , Y

δ
0 ) = (x, y)

)

≤
(
1 + CRδ1{|x−y|≤2R} −

1

2
K∗

Rδ1{|x−y|>2R}

)
|x− y|,

(3.9)

and for any δ ∈ (0, δ1], κ > 0, and x, y ∈ R
d with |x− y| ≤ κ/(1 + CR),

P
(x,y)(

Xδ
δ = Y δ

δ

)
:= E

(x,y)
1{Xδ

δ=Y δ
δ } ≥

1

2
J
(
κδ−1/2

)
.(3.10)

In the sequel, we shall fix (Xδ
0 , Y

δ
0 ) = (x, y) and stipulate δ ∈ (0, δ1] so that

1− 2K∗
Rδ ≥ 0 and K∗

R −K2
Rδ

1−2θ ≥ 0.(3.11)

From (3.4), it is easy to see that

Xδ
δ − Y δ

δ =ẑδ − (ẑδ)κ1{U1≤
1
2
ρ(−δ−1/2(ẑδ)κ,ξ1)}

+ (ẑδ)κ1{ 1
2
ρ(−δ−1/2(ẑδ)κ,ξ1)≤U1≤

1
2
(ρ(−δ−1/2(ẑδ)κ,ξ1)+ρ(δ−1/2(ẑδ)κ,ξ1))}

.
(3.12)

Whence, we find that

E
(x,y)∣∣Xδ

δ − Y δ
δ

∣∣ = 1

2

∣∣ẑδ − (ẑδ)κ
∣∣ν−δ−1/2(ẑδ)κ(R

d) +
1

2

∣∣ẑδ + (ẑδ)κ
∣∣νδ−1/2(ẑδ)κ(R

d)
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+ |ẑδ|
(
1−

1

2
ν−δ−1/2(ẑδ)κ(R

d)−
1

2
νδ−1/2(ẑδ)κ(R

d)
)

=
1

2
|ẑδ|

(
1−

|ẑδ| ∧ κ

|ẑδ|
1{|ẑδ|6=0}

)
ν−δ−1/2(ẑδ)κ(R

d)

+
1

2
|ẑδ|

(
1 +

|ẑδ| ∧ κ

|ẑδ|
1{|ẑδ|6=0}

)
νδ−1/2(ẑδ)κ(R

d)

+ |ẑδ|
(
1−

1

2
ν−δ−1/2(ẑδ)κ(R

d)−
1

2
νδ−1/2(ẑδ)κ(R

d)
)
.

This, besides the fact that νu(R
d) = ν−u(R

d) for all u ∈ R
d, yields

(3.13) E
(x,y)∣∣Xδ

δ − Y δ
δ

∣∣ = |ẑδ|.

By utilizing (1.3), (H1) as well as (H2), we deduce that

|ẑδ|2 =
∣∣π(δ)(x)− π(δ)(y)

∣∣2 + 2〈π(δ)(x)− π(δ)(y), b(δ)(π(δ)(x))− b(δ)(π(δ)(y))〉δ

+
∣∣b(δ)(π(δ)(x))− b(δ)(π(δ)(y))

∣∣2δ2

≤
(
1 + CRδ

)2
|x− y|21{x,y∈BR}

+
(
(1− 2K∗

Rδ)
∣∣π(δ)(x)− π(δ)(y)

∣∣2 +K2
Rδ

2(1−θ)|x− y|2
)
1{x∈Bc

R}∪{y∈Bc
R}.

As a consequence, making use of (1.3) again, along with (3.11), implies that

|ẑδ|2 ≤
(
1 + CRδ

)2
|x− y|21{x,y∈BR}

+
(
1−K∗

Rδ −
(
K∗

R −K2
Rδ

1−2θ
)
δ
)
|x− y|21{x∈Bc

R}∪{y∈Bc
R}

≤
(
1 + CRδ

)2
|x− y|21{x,y∈BR} +

(
1−K∗

Rδ
)
|x− y|21{x∈Bc

R}∪{y∈Bc
R}.

(3.14)

Subsequently, the preceding estimate, accompanying with the inequality: (1 − r)
1
2 ≤ 1− r/2 for

all r ∈ [0, 1], enables us to derive from (3.13) that

E
(x,y)∣∣Xδ

δ − Y δ
δ

∣∣ ≤ (1 + CRδ)|x− y|1{x,y∈BR} + (1−K∗
Rδ/2)|x− y|1{x∈Bc

R}∪{y∈Bc
R}

≤
(
1 + CRδ1{|x−y|≤2R} −

1

2
K∗

Rδ1{|x−y|>2R}

)
|x− y|.

As a result, (3.9) follows immediately.
By invoking (3.14) once more, we directly have for δ ∈ (0, 1],

|ẑδ| ≤ (1 + CRδ)|x− y| ≤ (1 + CR)|x− y|.

This thus implies that ẑδ − (ẑδ)κ = 0 for any x, y ∈ R
d with |x− y| ≤ κ/(1 + CR). Whereafter,

by taking advantage of the fact that [0,∞) ∋ r 7→ J(r) is non-increasing, it follows from (3.12)
that for any x, y ∈ R

d with |x− y| ≤ κ/(1 + CR),

P
(x,y)(

Xδ
δ = Y δ

δ

)
≥

1

2
ν−δ−1/2(ẑδ)κ(R

d) ≥
1

2
J
(
κδ−1/2

)
.

Therefore, the assertion (3.8) is attainable. �

With Lemmas 3.2 and 3.3 at hand, we are in position to complete the proof of Theorem 1.2.

Proof of Theorem 1.2. For the quantities c∗, a > 0, defined in (1.13), we define an auxiliary func-
tion and an associated metric function as below:

f(r) = 1− e−c∗r + c∗e
−2Rc∗r, r ≥ 0;

and

ρ̂1(x, y) = a1{x 6=y} + f(|x− y|), x, y ∈ R
d.
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Note that the metrics ρ1 (defined in (1.8)) and ρ̂1 are comparable. Indeed, since c∗e
−2Rc∗ ≤

f ′(r) ≤ c∗(1 + e−2Rc∗) for all r ≥ 0, we see that for all x, y ∈ R
d,

min{a, c∗e
−2Rc∗}ρ1(x, y) ≤ ρ̂1(x, y) ≤ max{a, c∗(1 + e−2Rc∗)}ρ1(x, y).

Therefore, it is sufficient to demonstrate that for any δ ∈ (0, δ1], x, y ∈ R
d, and integer n ≥ 0,

Wρ̂1

(
LXδ,x

nδ
,LXδ,y

nδ

)
≤ e−λ1nδρ̂1(x, y).(3.15)

From (3.15), we can obtain (1.11) with C∗
1 := max{a,c∗(1+e

−2Rc∗)}
min{a,c∗e

−2Rc∗}
.

Trivially, (3.15) holds true for the case x, y ∈ R
d with x = y ∈ R

d. So, in the analysis below,
we assume (Xδ

0 , Y
δ
0 ) = (x, y) with x 6= y. From Lemma 3.2, in addition to the tower property of

conditional expectations, it is easy to see that

Wρ̂1

(
LXδ,x

nδ
,LXδ,y

nδ

)
≤ E

(x,y)
ρ̂1(X

δ
nδ, Y

δ
nδ) = E

(x,y)
(
E
(x,y)(

ρ̂1(X
δ
nδ, Y

δ
nδ)

∣∣(Xδ
(n−1)δ, Y

δ
(n−1)δ

)))
.

Further, recall that (ξn)n≥1 (resp. (Un)n≥1) are i.i.d random variables and (ξn)n≥1 is independent
of (Un)n≥1. As long as there exists a constant λ ∈ (0, 1) (whose exact value will be given at the
end of proof) such that for any δ ∈ (0, δ1],

E
(x,y)

ρ̂1(X
δ
δ , Y

δ
δ ) ≤ (1− λδ)ρ̂1(x, y),(3.16)

then performing an inductive argument yields that

E
(x,y)

ρ̂1(X
δ
nδ, Y

δ
nδ) ≤ (1− λδ)nρ(x, y) ≤ e−λnδρ̂1(x, y),

where the second inequality is available due to the basic inequality: ra ≤ ea(r−1) for all r, a > 0.
Therefore, to achieve the desired assertion (3.15), it remains to establish (3.16).

In the subsequent context, we shall choose the threshold κ = δ1/2. According to the definition
of ρ̂1, we have

ρ̂1(X
δ
δ , Y

δ
δ )− ρ̂1(x, y) = −a1{|Xδ

δ−Y δ
δ |=0} + f(|Xδ

δ − Y δ
δ |)− f(|x− y|).

Thus, since for any r > 0,

f ′(r) = c∗
(
e−c∗r + e−2c∗R

)
, f ′′(r) = −c2∗e

−c∗r < 0 and f ′′′(r) = c3∗e
−c∗r > 0,

Taylor’s expansion enables us to derive that

E
(x,y)

ρ̂1
(
Xδ

δ , Y
δ
δ

)
− ρ̂1(x, y) ≤ −aP

(x,y)(
Xδ

δ = Y δ
δ

)

+ c∗
(
e−c∗|x−y| + e−2Rc∗

)(
E

(x,y)
|Xδ

δ − Y δ
δ | − |x− y|

)

−
1

2
c2∗e

−c∗|x−y|

× E
(x,y)

((
|Xδ

δ − Y δ
δ | − |x− y|

)2
1{|Xδ

δ−Y δ
δ |<|x−y|}

)

=: I1(δ, κ, x, y) + I2(δ, κ, x, y)−
1

2
c2∗e

−c∗|x−y|I3(δ, κ, x, y).

(3.17)

Hereinafter, for three cases based on the range of values of |x− y|, we shall estimate terms I1, I2,
and I3, to reach (3.16).

Case (i): x, y ∈ R
d with 0 < |x−y| ≤ r0 := δ1/2/(1+CR). Obviously, we have δ1/2/(1+CR) ≤ 2R

due to R,CR ≥ 1 and δ ∈ (0, 1]. In the present case, in view of (3.8) and κ = δ1/2, one has

I1(δ, κ, x, y) ≤ −
1

2
aJ(1).

Next, by virtue of (3.7) and |x− y| ≤ δ1/2/(1 + CR), we find that for δ ∈ (0, 1],

I2(δ, κ, x, y) ≤ c∗CRδ
(
e−c∗|x−y| + e−2Rc∗

)
|x− y| ≤ 2c∗.

Whereafter, taking the estimates on I1 and I2 into consideration, as well as I3 ≥ 0, yields

E
(x,y)

ρ̂1(X
δ
δ , Y

δ
δ )− ρ̂1(x, y) ≤ −

1

2
aJ(1) + 2c∗ ≤ −

1

4
aJ(1),(3.18)
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where the second inequality is available by taking advantage of the definition of a in (1.13).
Furthermore, in the present case |x− y| 6 2R, by invoking the fact that maxr≥0 re

−r = 1/e, it is
immediate to see that

ρ̂1(x, y) ≤ 1 + a+ 2Rc∗e
−2Rc∗ ≤ a+ 2.(3.19)

As a consequence, we deduce from (3.18) that for δ ∈ (0, 1],

E
(x,y)

ρ̂1(X
δ
δ , Y

δ
δ ) ≤ (1− λ11δ)ρ̂1(x, y),

where λ11 :=
aJ(1)
4(a+2)

∈ (0, 1).

Case (ii): x, y ∈ R
d with r0 ≤ |x− y| ≤ 2R. Concerning such setting, notice from (3.7) that

I2(δ, κ, x, y) ≤ c∗CRδ
(
e−c∗|x−y| + e−2Rc∗

)
|x− y| ≤ 4c∗RCRδe

−c∗|x−y|.(3.20)

Next, from (3.12) and κ = δ1/2, in addition to the non-increasing property of the mapping
[0,∞) ∋ r 7→ J(r), we infer that

I3(δ, κ, x, y) ≥
1

2

(
|ẑδ| − (κ ∧ |ẑδ|)− |x− y|

)2
1{|ẑδ|−(κ∧|ẑδ|)<|x−y|}ν−δ−1/2(ẑδ)κ(R

d)

≥
1

2

(
|ẑδ| − (κ ∧ |ẑδ|)− |x− y|

)2
1{|ẑδ|−(κ∧|ẑδ|)<|x−y|}J(1).

In view of (3.14), it is easy to see that

|ẑδ| ≤ (1 + CRδ)|x− y| ≤ |x− y|+ 2RCRδ.

This enables us to obtain, since κ = δ1/2, that

|ẑδ| − (κ ∧ |ẑδ|)− |x− y| = −|x− y|1{|ẑδ|≤κ} +
(
|ẑδ| − |x− y| − δ1/2

)
1{|ẑδ|>κ}

≤ −|x− y|1{|ẑδ|≤κ} +
(
2RCRδ − δ1/2

)
1{|ẑδ|>κ}

≤ −|x− y|1{|ẑδ|≤κ} −
1

2
δ1/21{|ẑδ|>κ}

≤ −
δ1/2

1 + CR
,

where the second inequality is valid due to δ ≤ (4RCR)
−2 for δ ∈ (0, δ1], cf. (1.9), and the last

display is true by exploiting δ1/2/(1+CR) = r0 ≤ |x− y| and CR ≥ 1. Consequently, we arrive at

I3(δ, κ, x, y) ≥
J(1)δ

2(1 + CR)2
.(3.21)

This estimate, combining (3.20) with I1 ≤ 0 and the definition of c∗ in (1.13), yields

E
(x,y)

ρ̂1(X
δ
δ , Y

δ
δ )− ρ̂1(x, y) ≤ −4RCRc∗e

−2Rc∗δ.

Accordingly, we obtain from (3.19) that

E
(x,y)

ρ̂1(X
δ
δ , Y

δ
δ ) ≤ (1− λ12δ)ρ̂1(x, y),

where λ12 :=
4RCRc∗e

−2Rc∗

a+2
∈ (0, 1) by noting that 2CR/(a + 2) < 1 owing to a > 2CR.

Case (iii): x, y ∈ R
d with |x− y| ≥ 2R. Note that (3.7) implies that E

(x,y)
|Xδ

δ −Y δ
δ | − |x− y| ≤

−1
2
K∗

Rδ|x− y|. Hence, using e−c∗|x−y| ≥ 0 in the bound for I2, and due to I1 ≤ 0 and I3 ≥ 0, we
deduce from (3.17) that

E
(x,y)

ρ̂1(X
δ
δ , Y

δ
δ )− ρ̂1(x, y) ≤ c∗

(
e−c∗|x−y| + e−2Rc∗

)(
E

(x,y)
|Xδ

δ − Y δ
δ | − |x− y|

)

≤ −
1

2
K∗

Rδc∗e
−2Rc∗|x− y|.

This implies that

E
(x,y)

ρ̂1(X
δ
δ , Y

δ
δ ) ≤ (1− λ13δ)ρ̂1(x, y),
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where λ13 =
Rc∗K∗

Re
−2Rc∗

a+2
. Indeed, since for x, y ∈ R

d with |x− y| ≥ 2R,

ρ̂1(x, y) ≤ a+ 1 + c∗e
−2Rc∗ |x− y| ≤

(a+ 1

2R
+ c∗e

−2Rc∗
)
|x− y|,

we observe that −K∗
Rδc∗e

−2Rc∗ |x− y| ≤ −λ13δρ̂1(x, y) for |x− y| ≥ 2R by making use of the fact
that

−
1

2
K∗

Rc∗e
−2Rc∗ |x− y| ≤ −

K∗
RRc∗e

−2Rc∗

a+ 1 + 2Rc∗e−2Rc∗
ρ̂1(x, y)

and maxr≥0 re
−r = 1/e < 1. Furthermore, we notice that λ13 ∈ (0, 1) since a > K∗

R and
maxr≥0 re

−r = 1/e < 1. To summarize, based on the analysis above, (3.16) is available by taking
λ = λ11 ∧ λ12 ∧ λ13. �

4. Proof of Theorem 1.4

Before we start the proof of Theorem 1.4, we first claim that (Xδ
nδ)n≥0 satisfies the Lyapunov

condition in the semigroup type.

Lemma 4.1. Under Assumptions of Theorem 1.4, for any δ ∈ (0, δ2] and any integer n ≥ 0,

E
((
1 +

∣∣Xδ
(n+1)δ

∣∣2)∣∣Xδ
nδ

)
≤ (1−K∗

Rδ/2)
(
1 + |Xδ

nδ|
2
)
+ c0δ,(4.1)

where c0 > 0 was defined in (1.18).

Proof. Below, we shall fix δ ∈ (0, δ2] so that

1− 2K∗
Rδ ≥ 0 and

K∗
R

K2
Rδ

1−2θ
− 1 ≥ ε0 := 21−2θ − 1.(4.2)

From (H1) and (H2), as well as π(δ)(0) = 0 and (4.2), we deduce that for any x ∈ R
d,

Λ(x) : =
∣∣π(δ)(x)

∣∣2 + 2
〈
π(δ)(x), b(δ)(π(δ)(x))

〉
δ +

∣∣b(δ)(π(δ)(x))
∣∣2δ2

≤
(
|x|2 + (1 + 2CR + 2C2

R)|x|
2δ + 3

(
b
(∞)
0

)2
δ
)
1{x∈BR}

+
(
(1− 2K∗

Rδ)
∣∣π(δ)(x)

∣∣2 + 1

2
K∗

R|x|
2δ + (1 + ε0)K

2
R|x|

2δ2(1−θ)

+
(
1 + 1/ε0 + 2/K∗

R

)(
b
(∞)
0

)2
δ
)
1{x∈Bc

R}

≤
(
(1−K∗

Rδ/2)|x|
2 + c1δ

)
1{x∈BR}

+
(
(1− 2K∗

Rδ)
∣∣π(δ)(x)

∣∣2 + 1

2
K∗

R|x|
2δ + (1 + ε0)K

2
R|x|

2δ2(1−θ)

+
(
1 + 1/ε0 + 2/K∗

R

)(
b
(∞)
0

)2
δ
)
1{x∈Bc

R},

(4.3)

where c1 := (1+2CR +2C2
R +K∗

R/2)R
2+3

(
b
(∞)
0

)2
. Subsequently, combining (4.2) with (4.3) and

|π(δ)(x)| ≤ |x| yields that

Λ(x) ≤
(
(1−K∗

Rδ/2)|x|
2 + c1δ

)
1{x∈BR}

+
(
(1−K∗

Rδ/2)|x|
2 + c2δ

)
1{x∈Bc

R},

where c2 :=
(
1 + 1/ε0 + 2/K∗

R

)(
b
(∞)
0

)2
. Therefore, we have that for any x ∈ R

d,

Λ(x) ≤ (1−K∗
Rδ/2)|x|

2 + (c1 ∨ c2)δ.

This, along with (1.4), gives that

E
(∣∣Xδ

(n+1)δ

∣∣2∣∣Xδ
nδ

)
= Λ(Xδ

nδ) + δE
(
|ξn+1|

2
∣∣Xδ

nδ

)

≤ (1−K∗
Rδ/2)|X

δ
nδ|

2 + (c1 ∨ c2 + d)δ,

where in the identity we used the independence of (ξn)n≥1 as well as Eξn = 0, while in the
inequality we employed the fact that E|ξn|

2 = d. As a consequence, (4.1) follows immediately. �
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Now, we make some comments on Lemma 4.1.

Remark 4.2. Note that the constant (i.e., c0δ) involved in (4.1) is linear with respect to the
step size δ. This fact plays a crucial role in the construction of the set D, introduced in (1.17).
Suppose the constant c0δ is replaced by a number, still written as c0, which is independent of the
step size δ. In this case, by inspecting the proof of Theorem 1.4 below, one will take the set D

that is dependent on the parameter δ (so we can write it as Dδ). Unfortunately, the diameter
of Dδ goes to infinity as the step size δ approaches zero, and the corresponding λ2 in (1.21) is
also dependent on δ. Unfortunately, λ2 tends to zero when δ goes to zero so there will be no
convergence rate.

Concerning the tamed EM scheme for overdamped Langevin SDEs, by invoking the logarithmic
Sobolev inequality for Gaussian measures, [2, Proposition 3] examined a Lyapunov condition in the
exponential form. In contrast, in Lemma 4.1, we confirm a Lyapunov condition in the polynomial
form for a wide range of approximate schemes. Moreover, our proof is much more succinct.

With the help of Lemma 4.1, we proceed to complete the

Proof of Theorem 1.4. For a, ε⋆ > 0 given in (1.20), define the following distance function:

ρ̂2(x, y) =
(
a + ε⋆(2 + |x|2 + |y|2)

)
1{x 6=y} + h(|x− y| ∧ (1 + rD)), x, y ∈ R

d,

where

h(r) := 1− e−c⋆r, r ≥ 0

with c⋆ > 0 being introduced in (1.19). Note that the metrics ρ2 and ρ̂2 are mutually equivalent.
Therefore, in order to prove the desired assertion (1.21), it suffices to show via an inductive
argument that there exists λ ∈ (0, 1) such that for any δ ∈ (0, δ2], any integer n ≥ 0, and all
x, y ∈ R

d with x 6= y,

E
(x,y)

ρ̂2(X
δ
δ , Y

δ
δ ) ≤ (1− λnδ)ρ̂2(x, y),(4.4)

where (Xδ
δ , Y

δ
δ ) is determined by (3.2).

In the following, we assume x, y ∈ R
d with x 6= y, and fix δ ∈ (0, δ2]. By following the reasoning

of (3.17), we derive that

E
(x,y)

ρ̂2(X
δ
δ , Y

δ
δ )− ρ̂2(x, y) ≤ −aP

(x,y)(
Xδ

δ = Y δ
δ

)
+ c⋆e

−c⋆(|x−y|∧(1+rD))

×
(
E

(x,y)
(|Xδ

δ − Y δ
δ | ∧ (1 + rD))− (|x− y| ∧ (1 + rD))

)

−
1

2
c2⋆e

−c⋆(|x−y|∧(1+rD))

× E
(x,y)

((
|Xδ

δ − Y δ
δ | ∧ (1 + rD)− (|x− y| ∧ (1 + rD))

)2

× 1{|Xδ
δ−Y δ

δ |∧(1+rD)<|x−y|∧(1+rD)}

)

+
ε⋆
2

(
−K∗

R(2 + |x|2 + |y|2) + 4c0
)
δ.

(4.5)

Case (i): x, y ∈ R
d with 0 < |x− y| ≤ r0 := δ1/2/(1 + CR). Concerning this case, by invoking

(3.8) and κ = δ1/2, we deduce from (4.5) that

E
(x,y)

ρ̂2(X
δ
δ , Y

δ
δ )− ρ̂2(x, y) ≤ −

1

2
aJ(1) + c⋆e

−c⋆(|x−y|∧(1+rD))
(
E
(x,y)

|Xδ
δ − Y δ

δ | − |x− y|)
)

+
ε⋆
2

(
−K∗

R(2 + |x|2 + |y|2) + 4c0
)
δ

≤ −
1

2
aJ(1) + c⋆ +

ε⋆
2

(
−K∗

R(2 + |x|2 + |y|2) + 4c0
)
δ

≤ −
1

4
aJ(1)−

1

2
K∗

Rε⋆(2 + |x|2 + |y|2)δ,

(4.6)
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where the first inequality is valid due to r0 < 1 + rD, and the third inequality is available by
taking the definition of a into consideration. Thus, by noting that for all x, y ∈ R

d,

ρ̂2(x, y) ≤ a + 1 + ε⋆(2 + |x|2 + |y|2)(4.7)

and that 1
2
K∗

Rδ ≤ aJ(1)
4(a+1)

for any δ ∈ (0, δ2], we arrive at

E
(x,y)

ρ̂2(X
δ
δ , Y

δ
δ ) ≤

(
1−K∗

Rδ/2
)
ρ̂2(x, y),

where 1−K∗
Rδ/2 ≥ 0 for any δ ∈ (0, δ2].

Case (ii): x, y ∈ R
d with r0 < |x − y| ≤ 1 + rD. In this case, we obtain from (3.9) and (4.5)

that

E
(x,y)

ρ̂2(X
δ
δ , Y

δ
δ )− ρ̂2(x, y) ≤ c⋆e

−c⋆|x−y|CR|x− y|δ −
1

2
c2⋆e

−c⋆|x−y|

× E
(x,y)

((
|Xδ

δ − Y δ
δ | − |x− y|)

)2
1{|Xδ

δ−Y δ
δ |<|x−y|}

)

+
ε⋆
2

(
−K∗

R(2 + |x|2 + |y|2) + 4c0
)
δ

≤ c⋆e
−c⋆|x−y|

(
CR(1 + rD)−

J(1)c⋆
4(1 + CR)2

)
δ

+
ε⋆
2

(
−K∗

R(2 + |x|2 + |y|2) + 4c0
)
δ

≤ −
J(1)c2⋆e

−c⋆(1+rD)δ

8(1 + CR)2
+

ε⋆
2

(
−K∗

R(2 + |x|2 + |y|2) + 4c0
)
δ

= −2c0c⋆ε⋆δ −
1

2
K∗

Rδε⋆(2 + |x|2 + |y|2),

where the second inequality holds true by making use of (3.21), the third inequality is verifiable
thanks to the definition of c⋆ in (1.19), and the identity is valid owing to the definition of ε⋆ in
(1.20). Next, by means of the definition of a given in (1.20), we evidently have

2c0c⋆ε⋆
a + 1

<
1

2
K∗

R.

This, together with (4.7), leads to

E
(x,y)

ρ̂2(X
δ
δ , Y

δ
δ ) ≤ (1− λ22δ)ρ̂2(x, y),

where λ22 :=
2c0c⋆ε⋆
a+1

∈ (0, 1) by taking advantage of the definition of a.

Case (iii): x, y ∈ R
d with |x− y| > 1 + rD. Regarding this setting, one trivially has

4c0 ≤
1

2
K∗

R

(
2 + |x|2 + |y|2

)
.

Whence, combining (4.5) with the fact that h is increasing gives that

E
(x,y)

ρ̂2(X
δ
δ , Y

δ
δ )− ρ̂2(x, y) ≤ E

(x,y)
h(|Xδ

δ − Y δ
δ | ∧ (1 + rD))− h(1 + rD)

+
ε⋆
2

(
−K∗

R(2 + |x|2 + |y|2) + 4c0
)
δ

≤ −
1

4
K∗

Rε⋆(2 + |x|2 + |y|2)δ

≤ −
1

4
K∗

Rε⋆δ −
1

8
K∗

Rε⋆(2 + |x|2 + |y|2)δ.

The above estimate, in addition to the fact that ε⋆/(1 + a) < 1/2 (owing to the definition of a)
and (4.7), ensures that

E
(x,y)

ρ̂2(X
δ
δ , Y

δ
δ ) ≤ (1− λ23)ρ̂2(x, y),

in which λ23 :=
K∗

Rε⋆
4(a+1)

∈ (0, 1) by taking the definition of a into account.
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Finally, the assertion (4.4) with λ := λ21∧λ22∧λ23, where λ21 :=
1
2
K∗

R, follows by summarizing
the analysis above. �

5. Proof of Theorem 1.6

The proof of Theorem 1.6 is also based on the coupling approach. For this purpose, we construct
the following iteration procedure: for any δ, κ∗ > 0 and integer n ≥ 0,

(5.1)





Xδ
(n+1)δ = X̂δ

nδ + δ1/2ξn+1

Y δ
(n+1)δ = Ŷ δ

nδ + δ1/2
{(

ξn+1 + δ−1/2(Ẑδ
nδ)κ∗

)
1{Un+1≤ρ(−δ−1/2(Ẑδ

nδ)κ∗ ,ξn+1)}

+Π(Ẑδ
nδ)ξn+11{(ρ(−δ−1/2(Ẑδ

nδ)κ∗ ,ξn+1)≤Un+1≤1}

}
.

Herein, Ẑδ
nδ := X̂δ

nδ − Ŷ δ
nδ with X̂δ

nδ and Ŷ δ
nδ being defined as in (3.3), and for any x ∈ R

d,

Π(x) := Id −
2xx⊺

|x|2
1{|x|6=0} ∈ R

d ⊗ R
d,(5.2)

where Id stands for the d × d identity matrix, and x⊺ means the transpose of x ∈ R
d. Note that

some variants of this coupling have been used to study contractivity of classical EM schemes
corresponding to SDEs with coefficients with linear growth; see e.g. in [7, 22].

The lemma below provides a streamlined proof that (Xδ
nδ, Y

δ
nδ)≥0 defined in (5.1) is a coupling

process of (Xδ
nδ)n≥0 defined in (1.22).

Lemma 5.1. For any δ, κ∗ > 0, (Xδ
nδ, Y

δ
nδ)≥0 determined by (5.1) is a coupling process of (Xδ

nδ)n≥0.

Proof. As analyzed at the beginning of the proof of Lemma 3.2, in order to prove the desired
assertion, it is sufficient to show that, for (Xδ

nδ, Y
δ
nδ)≥0 solving (5.1), equation (3.6) holds.

It is easy to see that

E
(x,y)

f(Y δ
δ ) =

∫

Rd

f
(
ŷδ + δ1/2(u+ δ−1/2(ẑδ)κ∗)

)
ν−δ−1/2(ẑδ)κ∗

(du)

+

∫

Rd

f
(
ŷδ + δ1/2Π(ẑδ)u

)(
ν(du)− ν−δ−1/2(ẑδ)κ∗

(du)
)
.

By changing the variable u → u − δ−1/2(ẑδ)κ∗, and using ν−x(d(u − x)) = νx(du) for x ∈ R
d,

along with the rotational invariance of ν(dz) and the fact that the matrix Π defined in (5.2) is
orthogonal, we find that

E
(x,y)

f(Y δ
δ ) =

∫

Rd

f(ŷδ + δ1/2u) νδ−1/2(ẑδ)κ∗
(du) +

∫

Rd

f(ŷδ + δ1/2u)ν(du)

−

∫

Rd

f(ŷδ + δ1/2Π(ẑδ)u)ν−δ−1/2(ẑδ)κ∗
(du).

Whence, (3.6) is available as soon as
∫

Rd

f(ŷδ + δ1/2u) νδ−1/2(ẑδ)κ∗
(du) =

∫

Rd

f(ŷδ + δ1/2Π(ẑδ)u)ν−δ−1/2(ẑδ)κ∗
(du).(5.3)

Indeed, since Π(·) is an orthogonal matrix and Π(x)x = −x for any x ∈ R
d, we have

|u+ δ1/2(ẑδ)κ∗| = |Π(ẑδ)u+ δ1/2Π(ẑδ)(ẑδ)κ∗| = |Π(ẑδ)u− δ1/2(ẑδ)κ∗|.

Thus, via changing the variable u → Π(ẑδ)u, (5.3) follows immediately. �

In the sequel, we shall fix κ∗ = r0δ
1/2/2 for any δ ∈ (0, δ3], where r0 and δ3 were defined in

(1.26) and (1.27), respectively.

Lemma 5.2. Under (H′
1) and (H′

2), for any δ ∈ (0, δ3] and x, y ∈ R
d with |x− y| ≤ 2R,

Φ(x, y) : = E
(x,y)

((
|Xδ

δ − Y δ
δ | − |x− y|

)2
1{|Xδ

δ−Y δ
δ |−|x−y|≤γδ1/2}

)
≥ r∗0δ

1/2(|ẑδ| ∧ κ∗),(5.4)

where ẑδ := x̂δ − ŷδ with x̂δ := x+ b(δ)(x)δ, and r∗0, γ > 0 were defined in (1.26).
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Proof. For a related argument in the context of classical EM schemes, see [7, Lemma 2.7] or [22,
Lemma 3.2]. In the following analysis, we stipulate x, y ∈ R with |x− y| ≤ 2R and fix δ ∈ (0, δ3]
so that

R(CR ∨KR)δ
1/2−θ ≤ 1/2.(5.5)

Obviously, (5.4) holds true in case of |ẑδ| = 0. So, it suffices to verify (5.4) for the case |ẑδ| > 0.
Note obviously from (5.1) that

Xδ
δ − Y δ

δ = ẑδ − (ẑδ)κ∗1{U1≤ρ(−δ−1/2(ẑ)κ∗ ,ξ1)}
+

2δ1/2ẑδ

|ẑδ|2
〈ẑδ, ξ1〉1{(ρ(−δ−1/2(ẑδ)κ∗ ,ξ1)≤U1≤1}.

Whence, we find that

Φ(x, y) ≥

∫

Rd

(∣∣|ẑδ|+ 2δ1/2〈ẑδ/|ẑδ|, u〉
∣∣− |x− y|

)2
1{||ẑδ|+2δ1/2〈ẑδ/|ẑδ|,u〉|−|x−y|≤γδ1/2}

×
(
ν(du)− ν−δ−1/2(ẑδ)κ∗

(du)
)
.

Let Π ∈ R
d ⊗R

d be an orthogonal matrix such that Πẑδ = |ẑδ|(1, 0, · · · , 0) ∈ R
d. Then, applying

Jacobi’s transformation rule, in addition to |Πu| = |u| for u ∈ R
d, yields that

Φ(x, y) ≥

∫

Rd

(∣∣|ẑδ|+ 2δ1/2〈ẑδ/|ẑδ|,Πu〉
∣∣− |x− y|

)2
1{||ẑδ|+2δ1/2〈ẑδ/|ẑδ|,Πu〉|−|x−y|≤γδ1/2}

×
1

(2π)
d
2

(
e−

|u|2

2 − e−
|u|2

2 ∧ e−
1
2
(|u|2+2δ−1/2〈Πu,(ẑδ)κ∗ 〉+δ−1|(ẑδ)κ∗ |

2)
)

du

=

∫

Rd

(∣∣|ẑδ|+ 2δ1/2u1

∣∣− |x− y|
)2
1{||ẑδ|+2δ1/2u1|−|x−y|≤γδ1/2}

×
1

(2π)
d
2

(
e−

|u|2

2 − e−
|u|2

2 ∧ e−
1
2
(|u|2+2δ−1/2(|ẑδ|∧κ∗)u1+δ−1(|ẑδ|∧κ∗)2)

)
du

≥

∫

R

(∣∣|ẑδ|+ 2δ1/2u
∣∣− |x− y|

)2
1{δ1/2≤||ẑδ|+2δ1/2u|−|x−y|≤γδ1/2}

×
1

(2π)
1
2

(
e−

u2

2 − e−
u2

2 ∧ e−
1
2
((u+δ−1/2(|ẑδ|∧κ∗))2

)
du,

where u1 is the first component of the vector u. It is easy to see that

Φ(x, y) ≥
δ

(2π)
1
2

(∫ ∞

−(2δ1/2)−1(|ẑδ|∧κ∗)

1{Γ(x,y)+ 1
2
≤u≤Γ(x,y)+ γ

2
}

(
e−

u2

2 − e−
1
2
((u+δ−1/2(|ẑδ|∧κ∗))2

)
du,

where Γ(x, y) := (2δ
1
2 )−1(|x − y| − |ẑδ|). Next, by the triangle inequality, in addition to the

definition of ẑδ, we infer from (1.23) that

||ẑδ| − |x− y|| ≤ |ẑδ − (x− y)| ≤ (CR ∨KR)δ
1−θ|x− y| ≤ 2R(CR ∨KR)δ

1−θ.(5.6)

This, together with (5.5), yields that

0 ≤ Γ(x, y) + 1/2 ≤ r0 and Γ(x, y) + γ/2 ≥ 2r0.

Thus, by applying Fubini’s theorem and taking advantage of δ−1/2κ∗ = r0/2 owing to the choice
of κ∗, it follows that

Φ(x, y) ≥
δ

(2π)
1
2

∫ 2r0

r0

(
e−

1
2
u2

− e−
1
2
(u+δ−1/2(|ẑδ|∧κ∗))2

)
du

≥ −
δ

(2π)
1
2

∫ 2r0

3
2
r0

∫ s

s−δ−1/2(|ẑδ|∧κ∗)

(
e−

1
2
|s|2

)′
du ds

= r∗0δ
1/2(|ẑδ| ∧ κ∗).

Consequently, (5.4) is available. �
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Recall that c∗ > 0 and δ3 > 0 were defined in (1.25) and (1.27), respectively. We readily have
for any δ ∈ (0, δ3],

2CR <
c∗r∗0r0
8R

, e−c∗γδ1/2 ≥
1

2
, CRe−2Rc∗ < 1, K∗

Re−2Rc∗ < 1,(5.7)

and

(CR ∨KR)δ
1−θ ≤

1

2
,

r0δ
1/2

R
≤ 1, K2

Rδ
2(1−θ) ≤ K∗

Rδ, 1− 2K∗
Rδ ≥ 0.(5.8)

For any δ ∈ (0, δ3], define the function

ϕ(r) =





1
c∗
(1− e−c∗r), 0 ≤ r ≤ 2R + γδ1/2,

1
c∗
(1− e−c∗(2R+γδ1/2)) + 1

2
e−c∗(2R+γδ1/2)

(
r − (2R+ γδ1/2)

)

+ 1
4c∗

e−c∗(2R+γδ1/2)
(
1− e−2c∗(r−(2R+γδ1/2))

)
, r > 2R + γδ1/2,

where γ > 0 was introduced in (1.26).
With the help of Lemmas 5.1 and 5.2, we proceed to implement the

Proof of Theorem 1.6. The proof of Theorem 1.6 is essentially inspired by that of [9, Theorem 2.5].
By following the strategy to complete the proof of Theorem 1.2 and noting that c0r ≤ ϕ(r) ≤ r

for c0 :=
1
2
ec

∗(2R+γδ1/2), it suffices to verify that for any δ ∈ (0, δ3] and x, y ∈ R
d with x 6= y,

E
(x,y)

ϕ
(
|Xδ

δ − Y δ
δ |
)
≤ (1− λ3δ)ϕ(|x− y|),(5.9)

where λ3 := λ31∧λ32 with λ31, λ32 > 0 being given in (1.29). Then (1.28) follows with C∗
3 = 1/c0.

It is easy to see that ϕ ∈ C2([0,∞)) such that for r ≤ 2R + γδ1/2

ϕ′(r) = e−c∗r > 0, ϕ′′(r) = −c∗e−c∗r < 0,(5.10)

and for r > 2R + γδ1/2,

ϕ′(r) =
1

2
e−c∗(2R+γδ1/2)

(
1 + e−2c∗(r−(2R+γδ1/2))

)
> 0, ϕ′′(r) = −c∗ec

∗(−2r+2R+γδ1/2) < 0.(5.11)

Then, by the Taylor expansion, we derive from ϕ′′ < 0 and ϕ′′′ > 0 that

E
(x,y)

ϕ
(
|Xδ

δ − Y δ
δ |
)
− ϕ(|x− y|) ≤ ϕ′(|x− y|)

(
E
(x,y)

|Xδ
δ − Y δ

δ | − |x− y|
)

+ ϕ′′(|x− y|+ γδ1/2)Φ(x, y),
(5.12)

where Φ was defined as in (5.4). By mimicking the procedure to derive [9, Lemma 3.8], we have

E
(x,y)

|Xδ
δ − Y δ

δ | = |ẑδ|.

Using (5.8) and (1.23) similarly as in the proof of Lemma 3.3, we derive

E
(x,y)

|Xδ
δ − Y δ

δ | ≤
(
1 + CRδ1{|x−y|≤2R} −

1

2
K∗

Rδ1{|x−y|>2R}

)
|x− y|.(5.13)

Subsequently, (5.13) along with (5.7), as well as (5.10), enables us to derive that for any x, y ∈ R
d

with 0 < |x− y| ≤ 2R,

E
(x,y)

ϕ
(
|Xδ

δ − Y δ
δ |
)
− ϕ(|x− y|) ≤ e−c∗|x−y|

(
CRδ|x− y| − c∗e−c∗γδ1/2Φ(x, y)

)

≤ e−c∗|x−y|

(
CRδ −

c∗Φ(x, y)

2|x− y|

)
|x− y|.

(5.14)

By using (5.6), we obviously have

|ẑδ| ≥ |x− y| − (CR ∨KR)δ
1−θ|x− y|.

Consequently, (5.4) and (5.8) imply that for any x, y ∈ R
d with 0 < |x− y| ≤ 2R,

Φ(x, y)

|x− y|
≥ r∗0δ

1/2

(
1

2
∧

κ∗

|x− y|

)
≥

1

2
r∗0δ

1/2

(
1 ∧

κ∗

R

)
=

r∗0r0δ

4R
,
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where κ∗ = r0δ
1/2/2. Plugging this estimate back into (5.14) and taking ϕ(r) ≤ r for all r ≥ 0,

and (5.7) into account gives that for any x, y ∈ R
d with 0 < |x− y| ≤ 2R,

(5.15) E
(x,y)

ϕ
(
|Xδ

δ − Y δ
δ |
)
≤ ϕ(|x− y|)− CRδe

−2Rc∗ |x− y| ≤
(
1− λ31δ

)
ϕ(|x− y|),

where λ31 := CRe−2Rc∗ ∈ (0, 1) due to (5.7).
By making use of (5.12) and (5.13), in addition to Φ ≥ 0 and ϕ′′ < 0, it follows from (5.10)

and (5.11) that for any x, y ∈ R
d with |x− y| ≥ 2R,

E
(x,y)

ϕ
(
|Xδ

δ − Y δ
δ |
)
≤ ϕ(|x− y|)−

1

4
K∗

Re−c∗(2R+γ)δ|x− y|

≤
(
1− λ32δ

)
ϕ(|x− y|),

(5.16)

where the second inequality is valid by noticing that for r ≥ 2R and R ≥ 1,
r

ϕ(r)
≥

r

1− R + r/2
≥ 2,

and λ32 :=
1
2
K∗

Re−c∗(2R+γ) ∈ (0, 1) thanks to (5.7).
At last, the desired assertion (5.9) follows by combining (5.15) with (5.16). �

6. Proof of Theorem 1.8

We adopt the following proof strategy. First of all, we will decompose the Wasserstein distance
W1

(
π, πδ

)
by using the triangle inequality to estimate

W1

(
π, πδ

)
= W1

(
LXπ

nδ
,L

Xδ,πδ

nδ

)

≤ W1

(
LXπ

nδ
,LX0

nδ

)
+W1

(
LX0

nδ
,LXδ,0

nδ

)
+W1

(
LXδ,0

nδ
,L

Xδ,πδ

nδ

)

=: ϕ1(n, δ) + ϕ2(n, δ) + ϕ3(n, δ).

(6.1)

Here (X0

nδ)n≥0 stands for the solution to (1.1) with the initial value X0 = 0, and (Xδ,0
nδ )n≥0 denotes

the tamed scheme (1.35) with the initial value Xδ
0 = 0, whereas π and πδ are their respective

invariant probability measures. The term ϕ1(n, δ) can be bounded by employing a result from the
literature on exponential ergodicity of SDEs with one-sided Lipschitz drifts that are dissipative
at infinity; see, for example, [6, Corollary 2]. A bound on ϕ3(n, δ) follows from our Theorem 1.6.
We will therefore focus on term ϕ2(n, δ), which we will bound by utilizing a coupling between
two diffusions with different drifts (Proposition 6.1) and a uniform bound on the moments of the
tamed Euler schemes (Lemma 6.2).

To begin our work on bounding ϕ2(n, δ), we consider the following coupling, for any ε, t > 0,

(6.2)

{
dXt = b(X t) dt+ hε(|Zt|)dW t +

(
1− hε(|Zt|)

2
)1/2

dBt, X0 = 0,

dY t = b(δ)(Y ⌊t/δ⌋δ) dt+Π(Zt)hε(|Zt|)dW t +
(
1− hε(|Zt|)

2
)1/2

dBt, Y 0 = 0,

where Zt := X t − Y t; (W t)t≥0 and (Bt)t≥0 are mutually independent Brownian motions defined
on the same probability space as (Wt)t≥0; Π(·) is the orthogonal matrix defined in (5.2); and for
each ε > 0, hε : [0,∞) → [0, 1] is a continuous function defined by

hε(r) =





0, 0 ≤ r ≤ ε,

1− e−
r−ε
2ε−r , r ∈ (ε, 2ε),

1, r ≥ 2ε.

We will now show that the L1-Wasserstein distance between (LX0

nδ
)n≥0 and (LXδ,0

nδ
)n≥0 can be

dominated by the error between b and b(δ). Note that the method of using a combination of the
reflection and the synchronous coupling similar to (6.2) has been applied in the literature in many
settings; see, among others, [6, Section 6] for applications to interacting diffusions, [21, Section
5] for bounds on Malliavin derivatives or [32] for the study of infinite dimensional diffusions. In
the present paper we apply this technique for the first time to study tamed EM schemes.
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Proposition 6.1. Under (1.30) and (1.32), there exist constants C∗, λ∗ > 0 such that for any

integer n ≥ 0,

W1

(
LX0

nδ
,LXδ,0

nδ

)
≤ C∗

∫ nδ

0

e−λ∗(nδ−s)
E
∣∣b(Y s)− b(δ)(Y ⌊s/δ⌋δ)

∣∣ ds.(6.3)

Proof. By noting that (W t)t≥0 and (Bt)t≥0 are mutually independent and that Π(·) is an ortho-
gonal matrix, via Lévy’s characterization for Brownian motions, we conclude that for any integer
n ≥ 0,

LXnδ
= LX0

nδ
and LY nδ

= LXδ,0
nδ
.

Therefore, (6.3) is available provided that there exist constants C∗, λ∗ > 0 such that for any
integer n ≥ 0,

E|Xnδ − Y nδ| ≤ C∗

∫ nδ

0

e−λ∗(nδ−s)
E
∣∣b(Y s)− b(δ)(Y ⌊s/δ⌋δ)

∣∣ ds,(6.4)

where E is the expectation operator under the probability measure P, the law of (Xnδ, Y nδ)n≥0.

For Va(x) :=
(
a + |x|2

)1/2
with a > 0, it is immediate to see that for all x ∈ R

d,

∇Va(x) =
x

Va(x)
and ∇2Va(x) =

1

Va(x)
Id −

xx⊺

Va(x)3
.

Then, Itô’s formula gives that

dVa(Zt) =

(
1

Va(Zt)
〈Zt, b(Xt)− b(δ)(Y ⌊t/δ⌋δ)〉+

2ahε(|Zt|)
2

Va(Zt)3

)
dt +

2hε(Zt)

Va(Zt)
〈Zt, dW t〉.

By taking the definition of hε into consideration, we obviously have

x

Va(x)

a→0
−→

x

|x|
1{|x|6=0} and

ahε(|x|)

Va(x)3
≤

a

(a + ε2)
3
2

a→0
−→ 0.

Subsequently, we derive that

d|Zt| ≤ 1{|Zt|6=0}

(
〈n(Zt), b(Xt)− b(Y t)〉 dt + 2hε(|Zt|)〈n(Zt), dW t〉

)

+
∣∣b(Y t)− b(δ)(Y ⌊t/δ⌋δ)

∣∣ dt,
in which n(x) := x/|x| for x 6= 0.

In order to obtain (6.4), the key ingredient is to modify the metric induced by | · |. To this end,
we introduce the following C2-function:

φ(r) = c1r + 1− e−c2r, r ≥ 0,

where for ℓ0 := 2R,

c1 := c2e
−c2ℓ0 and c2 = 2λ1ℓ0.

A direct calculation shows that for any r ≥ 0,

φ′(r) = c1 + c2e
−c2r and φ′′(r) = −c22e

−c2r.

Next, by virtue of (1.30) and (1.32), it follows that for any x, y ∈ R
d,

〈x− y, b(x)− b(y)〉 ≤ |x− y| · |b(x)− b(y)|1{x∈BR}∩{y∈BR}

+ 〈x− y, b(x)− b(y)〉1{x∈Bc
R}∪{y∈Bc

R}

≤ λ1|x− y|21{|x−y|≤2R} − λ2|x− y|21{|x−y|>2R},

(6.5)

where λ1 := L1(1 + 2ϕ(R)) and λ2 := L3(1 + ϕ(R)). Thus, applying Itô’s formula and making
use of (6.5) and φ′ ≤ 2c2 yields that

dφ(|Zt|) ≤ 1{|Zt|6=0}

(
(c1 + c2e

−c2|Zt|)〈n(Zt), b(X t)− b(Y t)〉 − 2c22e
−c2|Zt|hε(|Zt|)

2
)
dt

+ 2c2
∣∣b(Y t)− b(δ)(Y ⌊t/δ⌋δ)

∣∣ dt + dMt

≤ Λε(|Zt|) dt+ 2c2
∣∣b(Y t)− b(δ)(Y ⌊t/δ⌋δ)

∣∣ dt+ dMt,

(6.6)
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where (Mt)t≥0 is a martingale and

Λε(r) :=
(
(c1 + c2e

−c2r)(λ11{r≤ℓ0} − λ21{r>ℓ0})r − 2c22e
−c2rhε(r)

2
)
, r ≥ 0.

Notice from the definitions of c1 and c2 that

Λε(r) ≤ 2c2e
−c2r

(
λ1r − c2hε(r)

2
)
1{r≤ℓ0} − c1λ2r1{r>ℓ0}

= 2c2e
−c2r

(
λ1r − c2

)
hε(r)

2
1{r≤ℓ0} − c1λ2r1{r>ℓ0} + 2λ1c2e

−c2rr(1− hε(r)
2)1{r≤ℓ0}

≤ −c22e
−c2ℓ0hε(r)

2
1{r≤ℓ0} − c1λ2r1{r>ℓ0} + 4λ1c2r(1− hε(r)),

where in the last display we used hε ∈ [0, 1]. The previous estimate, in addition to the fact that

φ(r) ≤ 1 + c1ℓ0, 0 ≤ r ≤ ℓ0;
r

φ(r)
≥

ℓ0
c1ℓ0 + 1− e−c2ℓ0

>
ℓ0

c1ℓ0 + 1
, r ≥ ℓ0,

implies that for some constant c3 > 0

Λε(r) ≤ −
c1c2

1 + c1ℓ0
φ(r)1{r≤ℓ0} −

c1λ2ℓ0
1 + c1ℓ0

φ(r)1{r>ℓ0} + c3(φ(r) + r)(1− hε(r))

≤ −λ⋆φ(r) + c3(2ε+ φ(2ε)),

in which λ⋆ := c1ℓ0((2λ1) ∧ λ2)/(1 + c1ℓ0). As a consequence, by approaching ε → 0, we deduce
from (6.6), along with X0 = Y 0, that

Eφ(|Zt|) ≤ 2c2

∫ t

0

e−λ⋆(t−s)
E
∣∣b(Y s)− b(δ)(Y ⌊s/δ⌋δ)

∣∣ ds.

Whence, (6.4) follows by noting that there exist constants c4, c5 > 0 such that c4r ≤ φ(r) ≤ c5r
for all r ≥ 0. �

In the sequel, we claim that (Y
0

nδ)n≥0, determined in (6.2), has moments bounded uniformly in
time.

Lemma 6.2. Under (1.30) and (1.32), for any p > 0, there exists a constant Cp > 0 such that

for any δ ∈ (0, δ4] and integer n ≥ 0,

E
∣∣Y 0

nδ

∣∣p ≤ Cp.(6.7)

Proof. For notational brevity, we shall write (Y nδ)n≥0 in lieu of (Y
0

nδ)n≥0 as long as the initial
value Y 0 = 0 is not emphasized. According to the definition of δ4 given in (1.36), we obviously
have for any δ ∈ (0, δ4],

(1 + L2
1)δ

1−θ ≤ L3/2 and L3δ/2 ≤ 1.(6.8)

Below, we shall fix δ ∈ (0, δ4] so that (6.8) is valid and intend to show that (6.7) holds true for
any integer p ≥ 6, which, by Hölder’s inequality, will imply the desired assertion for any integer
p > 0. Via Lévy’s characterization for Brownian motions, we infer that for any t ≥ 0,

Ŵ ε
t :=

∫ t

0

Π(Zs)hε(|Zs|)dW s +

∫ t

0

(
1− hε(|Zs|)

2
)1/2

dBs(6.9)

is a d-dimensional Brownian motion. Thus, the discrete-time version of (Y t)t≥0 can be written as
follows: for any integer n ≥ 0,

Y (n+1)δ = Y nδ + b(δ)(Y nδ)δ +△Ŵ ε
nδ.

It is easy to see that
∣∣Y (n+1)δ

∣∣2 =
∣∣Y nδ

∣∣2 + Λ(Y nδ)δ +Ψ(n, δ),(6.10)

where

Λ(x) : =
∣∣b(δ)(x)

∣∣2δ + 2〈x, b(δ)(x)〉, x ∈ R
d,

Ψ(n, δ) : =
∣∣△Ŵ ε

nδ

∣∣2 + 2〈Y nδ + b(δ)(Y nδ)δ,△Ŵ ε
nδ〉.
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According to the definition of b(δ) given in (1.34), it follows that for all x ∈ R
d,

Λ(x) =
1

1 + δθϕ(|x|)

(
2〈x, b(x)〉+

|b(x)|2δ

1 + δθϕ(|x|)

)
.

Next, from (1.30) and (1.32), there exists a constant C1 > 0 such that

|b(x)|2 ≤ (L2
1 + 1)

(
1 + ϕ(|x|)

)2
|x|2 + C1, x ∈ R

d,

and subsequently there exist constants C2, C3 > 0 such that

2〈x, b(x)〉+
|b(x)|2δ

1 + δθϕ(|x|)
≤ C2 − L3(1 + ϕ(|x|))|x|2 +

|b(x)|2δ

1 + δθϕ(|x|)

≤ C3 +

(
− L3 +

(L2
1 + 1)(1 + ϕ(|x|))δ

1 + δθϕ(|x|)

)
(1 + ϕ(|x|))|x|2

≤ C3 +
(
− L3 + (L2

1 + 1)δ1−θ
)
(1 + ϕ(|x|))|x|2

≤ C3 −
1

2
L3(1 + ϕ(|x|))|x|2, x ∈ R

d,

where the last inequality holds true from (6.8). Thus, we find that

Λ(x) ≤
1

1 + δθϕ(|x|)

(
C3 −

1

2
L3(1 + ϕ(|x|))|x|2

)
≤ C3 −

1

2
L3|x|

2, x ∈ R
d,

where in the second inequality we used the fact that, for δ ∈ (0, 1], r 7→ (1 + r)/(1 + δθr) is
increasing on the interval [0,∞). The above estimate, along with (6.10), enables us to derive that

∣∣Y (n+1)δ

∣∣2 ≤ (1− L3δ/2)
∣∣Y nδ

∣∣2 + C3δ +Ψ(n, δ).

The estimate above, along with the binomial theorem, further implies that for any integer q ≥ 3,
∣∣Y (n+1)δ

∣∣2q ≤ (1− L3δ/2)
q
∣∣Y nδ

∣∣2q + q(1− L3δ/2)
q−1

∣∣Y nδ

∣∣2(q−1)(
C3δ +Ψ(n, δ)

)
(6.11)

+

q−2∑

k=0

Ck
q (1− L3δ/2)

k
∣∣Y nδ

∣∣2k(C3δ +Ψ(n, δ)
)q−k

,(6.12)

where the quantity 〈Y nδ,△Ŵ ε
nδ〉 involved in Ψ(n, δ) is a lower order term (providing the order

δ1/2). Since Y nδ is independent of △Ŵ ε
nδ, we have

E
(∣∣Y nδ

∣∣2(q−1)
Ψ(n, δ)

)
= E

(∣∣Y nδ

∣∣2(q−1)∣∣△Ŵ ε
nδ

∣∣2) = dδE
∣∣Y nδ

∣∣2(q−1)
.

Next, (1.30) yields that there are constants C4, C5 > 0 such that

|b(δ)(x)|δ ≤ C4δ
1−θ|x|+ C5δ ≤ C4|x|+ C5, x ∈ R

d.(6.13)

In the last term on the right hand side of (6.11), the degree of the polynomial with respect to |Y nδ

∣∣
is 2q−4 at most (which obviously is a lower order term compared with the leading term |Y nδ

∣∣2q),
and moreover the moment of the polynomial with respect to |△Ŵ ε

nδ| (where the underlying degree
is 2 at least) provides at least the order δ. Hence, we can deduce from these facts and the Young
inequality that for some constant C6 > 0,

E
∣∣Y (n+1)δ

∣∣2q ≤ (1− L3δ/4)E
∣∣Y nδ

∣∣2q + C6δ.

Whereafter, an inductive argument, along with Y 0 = 0, implies that for any integer n ≥ 0,

E
∣∣Y (n+1)δ

∣∣2q ≤ 4C6/L3.

Consequently, (6.7) is attainable for any p ≥ 6. �

Finally, as we explained at the beginning of this section, with the aid of Proposition 6.1 and
Lemma 6.2, we carry out the proof of Theorem 1.8.
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Proof of Theorem 1.8. Note that, due to (6.5), we can verify the assumptions of [6, Corollary 2]
and conclude that there exist constants C∗

4 , λ4 > 0 such that for all t ≥ 0 and µ, ν ∈ P1(R
d),

W1

(
LXµ

t
,LXν

t

)
≤ C∗

4e
−λ4tW1(µ, ν),(6.14)

where (Xµ
t )t≥0 stands for the solution to (1.1) with the initial distribution LX0 = µ. Subsequently,

via the Banach fixed point theorem, the Markov process (Xt)t≥0 admits a unique invariant prob-
ability measure π ∈ P1(R

d) with a finite first moment. Likewise, by means of (1.11), (Xδ
nδ)n≥0,

which is a time-homogeneous Markov chain, also admits a unique invariant probability measure
πδ with a finite first moment.

Recall that due to (6.1),

W1

(
π, πδ

)
≤ ϕ1(n, δ) + ϕ2(n, δ) + ϕ3(n, δ).

Below, we shall write (Xx
nδ)n≥0 and (Xδ,x

nδ )n≥0 instead of (Xµ
nδ)n≥0 and (Xδ,µ

nδ )n≥0 in case of µ = δx
for x ∈ R

d. By invoking (6.14) and Theorem 1.6, we have

ϕ1(n, δ) + ϕ3(n, δ) ≤

∫

Rd×Rd

W1

(
LXx

nδ
,LXy

nδ

)
π(dx)δ0(dy)

+

∫

Rd×Rd

W1

(
LXδ,x

nδ
,LXδ,y

nδ

)
πδ(dx)δ0(dy)

≤ C∗
4e

−λ4nδ

∫

Rd×Rd

|x− y|π(dx)δ0(dy) + C∗
3e

−λ3nδ

∫

Rd×Rd

|x− y|πδ(dx)δ0(dy)

= C∗
4e

−λ4nδ

∫

Rd

|x|π(dx) + C∗
3e

−λ3nδ

∫

Rd

|x|πδ(dx),

where
∫
Rd |x|π(dx) and

∫
Rd |x|π

δ(dx) are both finite, since π and πδ have finite first moments.
This thus yields ϕ1(n, δ) + ϕ3(n, δ) → 0 as n → ∞. Next, taking (6.3) into consideration enables
us to derive that for any integer n ≥ 0,

ϕ2(n, δ) ≤ C∗

∫ nδ

0

e−λ∗(nδ−s)
E
∣∣b(Y 0

s )− b(δ)(Y
0

⌊s/δ⌋δ)
∣∣ ds.(6.15)

According to the definition of b(δ) given in (1.34), we infer from (1.30) and (1.37) that there
exist constants c1, c2 > 0 such that for any x, y ∈ R

d,
∣∣b(x)− b(δ)(y)

∣∣ ≤
∣∣b(x)− b(y)

∣∣+
∣∣b(y)− b(δ)(y)

∣∣
≤ L1

(
1 + ϕ(|x|) + ϕ(|y|)

)
|x− y|+ c1δ

θ
(
1 + |y|+ |y|ϕ(|y|)

)
ϕ(|y|)

≤ c2
(
1 + |x|l∗ + |y|l∗

)
|x− y|+ c2δ

θ
(
1 + |y|1+2l∗

)
.

Therefore, Hölder’s inequality implies that there exists a constant c3 > 0 such that for any t ≥ 0,

E
∣∣b
(
Y

0

t

)
− b(δ)

(
Y

0

⌊t/δ⌋δ

)∣∣

≤ c3

(
1 +

(
E
∣∣Y 0

t − Y
0

⌊t/δ⌋δ

∣∣2l∗)1/2 +
(
E
∣∣Y 0

⌊t/δ⌋δ

∣∣2l∗)1/2
)(

E
∣∣Y 0

t − Y
0

⌊t/δ⌋δ

∣∣2)1/2

+ c3δ
θ
(
1 + E

∣∣Y 0

⌊t/δ⌋δ

∣∣1+2l∗)
.

(6.16)

Furthermore, note that

Y
0

t − Y
0

⌊t/δ⌋δ = b(δ)
(
Y

0

⌊t/δ⌋δ

)(
t− ⌊t/δ⌋δ

)
+ Ŵ ε

t − Ŵ ε
⌊t/δ⌋δ ,

where (Ŵ ε
t )t≥0 was defined in (6.10). Thus, by virtue of (6.7) and the first inequality (6.13), it

follows that for some constants c4, c5 > 0 and any t ≥ 0,

E
∣∣Y 0

t − Y
0

⌊t/δ⌋δ

∣∣2l∗ ≤ c4 and E
∣∣Y 0

t − Y
0

⌊t/δ⌋δ

∣∣2 ≤ c5δ.

As a consequence, by plugging the estimates above into (6.16), we deduce from (6.15) there exists
a constant c6 > 0 such that ϕ2(n, δ) ≤ c6δ

θ for any integer n ≥ 0.
On the basis of the preceding analysis, we have demonstrated the desired assertion (1.38). �
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